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Abstract

We study matching markets with aligned preferences and establish a con-
nection between common design objectives—stability, efficiency, and fairness—
and the theory of optimal transport. Optimal transport gives new insights into
the structural properties of matchings obtained from pursuing these objec-
tives, and into the trade-offs between different objectives. Matching markets
with aligned preferences provide a tractable stylized model capturing supply-
demand imbalances in a range of settings such as partnership formation, school
choice, organ donor exchange, and markets with transferable utility where bar-
gaining over transfers happens after a match is formed.

1 Introduction

We study matching markets with aligned preferences, meaning that a matched pair
confers the same utility to each agent in the pair, and establish a connection between
such markets and the theory of optimal transportation. We argue that markets with
aligned preferences model economically relevant environments, and that a rich theory
is made possible by exploiting the connection to optimal transport. Our main results
concern stable matchings, utilitarian welfare, and egalitarian matchings. Our findings
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serve, among other things, to describe structural properties of stable matching in
“spatial” settings, and highlight the role of supply-demand imbalances.

The canonical problem of optimal transport corresponds to maximizing utilitarian
welfare, i.e., an aggregate of agents’ utilities. We show that if we instead maximize
a certain convex transformation of agents’ utilities, then the solution to the optimal
transport problem is approximately stable. In fact, a single parameter α captures
how convex the objective is. We show that when α > 0, then a solution to the optimal
transport problem is approximately stable, and no blocking pair can generate more
than ln(2)/α additional utility.

For the parameter α = 0, we recover the utilitarian welfare objective. Taking
negative α, we obtain a concave transformation of agents’ utilities. Solving the op-
timal transport problem with α < 0 leads to an approximately egalitarian matching
with approximation factor 1

|α| max {1, ln |α|}. As a simple corollary, we get the exis-
tence of stable and egalitarian matchings in general—potentially infinite—matching
markets.

The main insight can be summarized as follows:

The same optimal transportation problem leads to approximately stable,
welfare-maximizing, or egalitarian matchings, depending on how a single
knob (the parameter α) is turned.

This perspective allows us to recast stability in like terms with efficiency and fair-
ness. A concave transformation of utilities is often used to model a planer concerned
with fairness: their objective is improved less by increasing the utility of agents who
already have high utility than by increasing the utility of worse-off agents. Sta-
bility corresponds to the opposite objective. A planner seeking a stable matching
prioritizes high-utility agents, ignoring the negative externalities their matches may
impose on the rest of the population. Indeed, as we observe, stable matchings may
lead to a loss of fairness and welfare. However, the connection to optimal transport
implies a general bound on how dramatic this loss can be.

We specialize our general results to models with a spatial structure, where agents
are identified with points in Rd and want to match with partners who are close to
them. For d = 1, we identify a “no-crossing” property satisfied by stable matchings;
the property allows us to obtain an efficient algorithm for constructing stable match-
ings. No-crossing is a prominent property in optimal transport, further motivating
the connection between stable matching and optimal transport.

Our model calls attention to unfairness that stems from supply and demand im-
balances. The most well-studied source of unfairness associated with stable match-
ing is the conflict of interest “across” the market, between the two sides. Firms and
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workers in a labor market; or men and women in a heterosexual marriage market.
This conflict is reflected in the fundamental unfairness of the deferred acceptance
algorithm, which chooses the best matching for one of the sides of the market and
the worst for the other. The conflict and corresponding unfairness have motivated
the consideration of median matchings, max-min criteria, and other mechanisms. In
our paper, however, we effectively shut down the problem by focusing on aligned
preferences. In our case, the stable matching is often (but not always!) unique, and
the usual concern for unfairness plays no role.

Instead, we study the conflict that arises because of supply and demand imbal-
ances, and show that it uncovers a different source of unfairness; one that we believe
is of independent interest. In a market with aligned preferences, there may be agents
who have the ability to generate large utilities, but that are also in excess supply.
These agents can then receive worse matches than other agents who have the same
potential for high-utility matches. As a consequence, there can be envy between
similar agents, despite the stability of the match.

Our results generalize from two-sided markets to multi-sided markets. It is well
known that—without the assumption of preference alignment —stable matching may
fail to exist even for three-sided finite markets. Aligned preferences guarantee exis-
tence, and our main result generalizes to the multi-sided case. This opens up our
results to many economic applications, including models of team formation, supply
chains, and organ exchange.

A major advantage of our theory is that it encompasses finite and infinite markets,
including markets with countably and uncountably infinite agents. The theory of
stable matching has often developed in successive steps. The initial theory was
developed for finite markets. Then an extension to infinite markets was studied in
order to better understand incentives, which then poses the problem of whether large,
but finite, markets behave in ways that are similar to those of infinite markets. The
generality of our model means that our ideas are independent of any assumptions
regarding the cardinality, and other technical aspects, of the set of agents. For a
continuum of agents, our matching markets gain extra tractability.

The connection to optimal transport offers a new perspective on stability, even
in finite markets. Ours is not the first to connect stability with linear program-
ming. Existing results show how stability can be written as a finite system of linear
inequalities. By contrast, we show how stability results from picking the right objec-
tive function and how a modification of this objective leads to egalitarian matchings.

We conclude the introduction with a discussion of aligned preferences. Preferences
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are aligned when any two agents enjoy the same payoff from being matched. Note
that preferences being aligned does not mean that different agents have the same
preferences over partners. It means that there exists a utility representation for the
agents’ preferences for which the utility that each member of a pair enjoys is the
same, if the pair were to be matched.

In particular, in a finite matching market without indifferences, there will be a
pair of agents that generates the highest utility in the market. Such agents would
form a blocking pair unless matched together. The same logic applies to a pair of
agents who generate the next-highest level of utility, and so on. As a consequence, it
is easy to see that a stable matching exists in finite markets with aligned preferences.
Markets with aligned preferences have been mostly overlooked by the matching lit-
erature. Notable exceptions are papers by Ferdowsian, Niederle, and Yariv (2023),
who study the convergence of decentralized dynamics to a stable matching, and Lee
and Yariv (2018), who analyze efficiency loss in stable matchings in markets with
random aligned preferences.

Markets with aligned preferences cover a lot of ground. First, many economic
applications of matching markets have an important aligned component, which moti-
vates us to consider preference alignment in isolation. For example, in the matching
of organ donors to patients, the matching is organized using a priority ranking over
the patients that is built up, among other considerations, from the estimated quality
of the potential match between the donor and the patient. The quality of the match
is, of course, also a key component of the patients’ ranking over organs. In other
words, the “preference” on one side of the market is the priority over patients, which
reflects in part the quality of the matching between the transplanted organ and the
patient. The preference on the other side of the market is a ranking of the organs
that is also based on the quality of the match. The two preferences are aligned
because the quality of the match is the same for both sides of the market.

One may imagine many other examples where the driving force of the agents’
motivation to match is a quality component that is common to each member of the
pair. In forming partnerships among firms, doubles in tennis, or coauthorships in
academia, the quality of a match seems to be a common source of each individual
agent’s utility from forming a pair. In school choice, proximity is a key component of
both student preferences over schools and school priorities (Walters, 2018; Laverde,
2022). Actually, it is hard to think of examples where some idea of match quality
is not a key driving source of agents’ preferences. Of course, the assumption of
exact preference alignment is not always perfectly descriptive, but it is arguably
an approximation that is worth understanding better than the current state of the
literature.
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Second, matching markets with transferable utility (matching “with money”)
are often used to capture various economic problems, ranging from platforms that
connect buyers and sellers (Rochet and Tirole, 2003; Armstrong, 2006), to general
two-sided markets with heterogeneous goods (Shapley and Shubik, 1971), as well as
heterosexual marriage (Becker, 1973; Galichon and Salanié, 2022). Here, a scheme
of transfers is determined at the same time as a matching is formed. It is, however,
possible that bargaining over transfers takes place after a match is formed, and is
not part of the matching process. In this case, there are natural circumstances in
which the agents’ preferences are automatically aligned.

Consider, to fix ideas, the case of a marriage market. In the basic model of Becker
(1973)—which is a version of Shapley and Shubik (1971)—there are two finite sets
of agents, X and Y ; and each pair (x, y) ∈ X × Y can generate a surplus u(x, y)
that the agents in the pair can divide among themselves in any way they like. This
is a model of matching with transferable utility because the utilities of x and y can
be any two numbers that add up to u(x, y). In Becker’s story, transferable utility
arises because potential partners bargain over the allocation of chores and resources
within the household; but the model assumes that such bargaining takes place at the
same time as a match is formed. If the couple cannot commit to a transfer schedule—
meaning that the couple generates a certain surplus, but they cannot write a contract
over how the surplus will be shared if the couple is to match—then the bargaining
over transfers takes place after the match is formed. Now, if post-match bargaining
follows a Nash bargaining protocol with some fixed, exogenous, outside options, then
the agents’ preferences are aligned because each agent receives a constant fraction of
the total surplus u(x, y). See Section 6.1 for a more formal argument.

1.1 Related literature

The economic literature on matching markets with aligned preferences is sparse. A
systematic study of markets with aligned preferences was initiated by Ferdowsian,
Niederle, and Yariv (2023) and Niederle and Yariv (2009), studying the conver-
gence of decentralized matching dynamics in such markets. The observation that
a stable matching for a finite population with aligned preferences can be obtained
via a greedy algorithm—iteratively matching the unmatched pair with the highest
utility—is implicitly contained in Eeckhout (2000); Clark (2006) who provide con-
ditions for uniqueness of a stable matching; see also Gutin, Neary, and Yeo (2023).
Galichon, Ghelfi, and Henry (2023) extend the greedy algorithm to many-to-one sta-
ble matching and observe its unfairness in simulations, a phenomenon we explore
further.
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Our paper contributes to understanding the stability-efficiency trade-off for mar-
kets with aligned preferences, complementing insights by Cantillon, Chen, and Pereyra
(2022) and Lee and Yariv (2018). Cantillon, Chen, and Pereyra (2022) introduce a
school choice environment where preference alignment becomes a descriptive prop-
erty. Under a condition generalizing alignment, they demonstrate that stable match-
ings are Pareto optimal. Our paper relies on a quantitative approach to efficiency,
and demonstrates that Pareto optimality may entail a loss of utilitarian welfare. Lee
and Yariv (2018) consider large markets with random preferences. If a common util-
ity for each pair is drawn independently from a continuous distribution, they show
that the stable matching has utilitarian welfare close to optimal. Our results impliy
that this phenomenon is specific to having no correlation across agents’ preferences:
in the presence of correlation, stability may cost up to half of the optimal welfare.

A more general perspective on preference alignment is given by Pycia (2012), who
studies a general coalition-formation model that has many-to-one matching models
as a special case. He focuses on allowing for complementarities and peer effects
and proves the existence of stable outcomes under a richness assumption on feasible
coalitions and preferences. Echenique and Yenmez (2007) make a related point for
many-to-one matching, based on the earlier ideas of Banerjee, Konishi, and Sönmez
(2001) in coalition formation. Pycia’s work also precedes our discussion in Section 6.1
on the connection between preference alignment and second-stage bargaining.

Our study touches on several other strains of literature. In computer science,
aligned preferences have appeared under the name of “globally ranked pairs.” Abra-
ham, Levavi, Manlove, and O’Malley (2008) studies aligned preferences in roommates
problem and Lebedev, Mathieu, Viennot, Gai, Reynier, and De Montgolfier (2007)
applies them to peer-to-peer networks. For an empirical use of markets with aligned
preferences, see, for example, Agarwal (2015) and Sørensen (2007). Our findings are
potentially applicable to questions arising from models of international trade, where
a large and active recent literature emphasizes the spatial aspects of buyer-seller net-
works; for example, Chaney (2014); Antras, Fort, and Tintelnot (2017); Panigrahi
(2021).

The connection to optimal transport established in our paper supports the com-
mon wisdom that matching models with a continuum of agents can be more intuitive
than their finite-population counterparts; see, for example, Ashlagi and Shi (2016);
Azevedo and Leshno (2016); Leshno and Lo (2021); Arnosti (2022). With opti-
mal transport methods, and for the problems we have focused on, the cardinality
of the space of agents is largely irrelevant. Connections to optimal transport have
been recently discovered and used in various areas of economic theory, for example,
mechanism design (Daskalakis, Deckelbaum, and Tzamos, 2015; Perez-Richet and
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Skreta, 2023; Kolesnikov, Sandomirskiy, Tsyvinski, and Zimin, 2022; McCann and
Zhang, 2023), information design (Malamud, Cieslak, and Schrimpf, 2021; Arieli,
Babichenko, and Sandomirskiy, 2023), and many others; see surveys by Ekeland
(2010); Carlier (2012); Galichon (2018). We find a link between stability and a
particular area of optimal transportation known as concave transport, pioneered by
McCann (1999); Gangbo and McCann (1996). To the best of our knowledge, concave
transport has not appeared in economic applications, with the exception of Boerma,
Tsyvinski, Wang, and Zhang (2023). Their paper relies on concave transport to
study labor market sorting—a matching market with transferable utility—and is the
closest to ours in the technical dimension. The literature on markets with and with-
out transfers is almost disjoint as such markets have few similarities. The possibility
of approaching both models from a similar concave transport perspective shows its
generality and importance.

2 Matching on the Line

To motivate our approach, we first discuss stable matching when agents are identified
with points on the real line, R, and all agents prefer partners close to them. The
general model is deferred to Section 3. A feature of the real line is that the unique
stable matching can be easily constructed and visualized. Its structure hints at the
connection to optimal transport explored thereafter.

The two sides of the market,X and Y , are described by non-atomic measures, µ and ν,
on R. Imagine, for example, horizontally differentiated workers and firms. A loca-
tion x ∈ R represents the type of an agent, and µ([a, b]) the population of X agents
with types located in the interval [a, b]. We assume that µ(X) = ν(Y ). Two agents
with types x and y get utility −|x − y| from matching together. A matching is a
joint distribution π on R2 with marginals µ and ν. The matching π is stable if, for
any two pairs (x1, y1) and (x2, y2) in the support of π,

|x1 − y2| ≥ min{|x1 − y1|, |x2 − y2|}.

That is, a matching is stable if it is not blocked by some pair of agents x1 and y2
who would both strictly prefer to leave their partners and match together.

First, note that any stable matching will exhaust all possible matches x, y such
that x = y, thus exhausting all mass common to µ and ν. To understand how the
rest of the population is matched, we establish a structural property that must be
satisfied by stable matchings. For any two real numbers z1 and z2, let O(z1, z2) be
the smallest circle containing the points (z1, 0) and (z2, 0) in R2.
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Definition 1. Amatching π satisfies no-crossing if, for any two pairs (x, y) and (x′, y′)
in the support of π, the circles O(x, y) and O(x′, y′) do not intersect unless x = x′

or y = y′.

x yx′ y′

(a) blocked by (x′, y)

x yy′ x′

(b) blocked by (x, y′)

x y x′ y′

(c) blocked by (x′, y)

y′ x y x′

(d) blocked by (x, y′), (x′, y)

Figure 1: Forbidden patterns in stable matchings.

Lemma 1. Any stable matching satisfies no-crossing.

Proof. Suppose that (x, y) and (x′, y′) are in the support of π where x ̸= x′, y ̸= y′

and the pair of circles O(x, y) and O(x′, y′) intersect. There are, up to symmetry, two
cases, depicted in Figures 1a and 1b. First, x < x′ < y < y′ in which case |x′ − y| <
|x − y| and |x′ − y| < |x′ − y′|, and so π is blocked by (x′, y). Second, we could
have x < y′ < y < x′. Now |x − y′| < |x − y| and |x′ − y| < |x′ − y′|. If π
were stable we would have |x − y| ≤ |x′ − y| and |x′ − y′| ≤ |x − y′| however by
transitivity |x− y| < |x′ − y′| and |x′ − y′| < |x− y|. Thus π is not stable.

As indicated by Figures 1c and 1d, stable matchings have more structure than
just no-crossing. However, the no-crossing property itself is strong enough to reduce
finding a stable matching to analysis of a parametric family. We illustrate this in
an example. Suppose µ has density 1 on the interval [−2,−1] and density 2 on the
half-open interval (0, 1]. Likewise, assume that ν has density 1 on the the half-open
intervals (−1, 0] and (1, 3]. The difference ρ = µ− ν is shown in Figure 2.
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−2 0 3

Figure 2: The signed measure ρ.

The set of matchings in this example which satisfy no-crossing are described
by a single parameter θ ∈ [0, 1] that describes what portion of the agents in the
region [−2,−1] are matched with agents to the right non-locally. Three values of θ
are shown in Figure 3.

−2 0 3

(a) θ = 0

−2 0 3

(b) θ = 1

−2 0 3

(c) θ = 4
7

Figure 3: The matchings which satisfy no-crossing for three values of θ.

One can verify that the only value of θ which results in a stable matching is 4/7.
In this stable matching, each type x is matched with h(x) where
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h(x) =


1− x, x ∈ [−2, −1− 3

7
]

−2− x, x ∈ (1− 3
7
, −1]

−2x, x ∈ (0, 2
7
]

3− 2x, x ∈ (2
7
, 1]

as depicted by the half-circles in Figure 3c.
The no-crossing property has played a major role in the theory of one-dimensional

optimal transport with concave costs developed by McCann (1999).1 For ρ from
Figure 2, the set of no-crossing matchings is one-parametric, thus making it easy
to construct a stable matching. McCann (1999) (Theorem 3.11) characterized all
non-crossing matchings for non-atomic µ and ν. The set of no-crossing matchings
consists from a number of parametric families, but the number of these families grows
exponentially with the number of times that ρ = µ− ν changes sign.2 We show that
one can avoid the exploding search space by combining insights about no-crossing
from the transportation literature with properties specific to stable matchings.

Proposition 1. If ρ = µ − ν is a non-atomic measure changing sign a finite num-
ber of times, then there is a unique stable matching π that can be obtained via an
algorithm described in Appendix A. For each x ∈ X, there are at most two distinct
types y, y′ ∈ Y such that (x, y) and (x, y′) are in the support of π. If µ and ν have
piecewise-constant density with at most m intervals of constancy, the algorithm runs
in time of the order of m2.

The proof contained in Appendix A is based on the following idea. For a market
represented by ρ = µ− ν, we can identify a submarket such that agents in the sub-
market are to be matched with each other no matter what the rest of the population
is, the match within the submarket is pinned down uniquely by no-crossing, and
the residual market ρ′ has one sign change fewer. Matching such simple submarkets
sequentially, we construct a stable matching for the original market in the number of
steps bounded by the number of sign changes of ρ. For piecewise-constant density,

1According to Villani (2009), the no-crossing property dates back to papers by Monge (who
initiated the study of optimal transportation); see also the discussion by Boerma, Tsyvinski, Wang,
and Zhang (2023).

2Roughly speaking, the parametrization is as follows. The real line gets partitioned into intervals
where ρ ≥ 0 or ρ ≤ 0. For each interval of positivity, we specify what fraction of agents are matched
with those to the right non-locally (θ in our example) and what negativity intervals these matches
are from. As a result, for each interval of positivity, we get a single parameter augmented with
combinatorial data. This combinatorial data grows exponentially with the number of intervals.
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the number of sign changes is bounded by m and constructing each simple submar-
ket requires a number of operations proportional to m, hence the quadratic total
runtime.

That no-crossing plays an important role in stable matching and optimal trans-
port is no coincidence. In the next section, we establish a deeper connection between
stability and transport by showing that approximately stable matchings may be ob-
tained as a solution to certain optimal transport problems, and that exactly stable
matchings result as the limit of solutions to a sequence of such optimal transport
problems. While the no-crossing condition is specific to matching in R, the connec-
tion to optimal transport holds for general problems with aligned preferences. After
developing this connection, we will return to matching in Rd, including d = 1, in
Section 4.

3 Stability, fairness, and optimal transport

Consider a general matching market with two sides X and Y . We assume that X
and Y are separable metric spaces endowed with their Borel sigma-algebras. For a
space Z, we denote by M+(Z) the set of positive measures on Z with a finite total
mass. The distributions of agents’ types over X and Y is represented by µ ∈ M+(X)
and ν ∈ M+(Y ). For simplicity, we assume that the market is balanced, i.e., µ(X) =
ν(Y ).3

The classical marriage-market model of Gale and Shapley (1962) corresponds to
the case when X and Y are finite. More generally, any market with atomic µ and ν
having a finite number of atoms, all of the same mass, can be reduced to the classical
model.

A distribution π ∈ M+(X × Y ) is a matching if it has µ and ν as marginal dis-
tributions on, respectively, X and Y . We denote by Π(µ, ν) the set of all matchings.

Stability. To make the similarity between the classical stability notion and the
one in our paper more apparent, we first give a definition without assuming that
preferences are aligned, and then refine the definitions in the aligned case.

If agents with types x ∈ X and y ∈ Y are matched, they enjoy utilities u(x, y)
and v(x, y), respectively, where u, v : X × Y → R are measurable. Greinecker and
Kah (2021) proposed a way to extend the classical notion of stability from Gale and

3It is, however, easy to accommodate unbalanced markets by adding “dummy” agents as in
Example 5 from Section 5.
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Shapley (1962) to general spaces X and Y . Their definition adapts to our setting as
follows.

Definition 2. A matching π is ε-stable with a parameter ε ≥ 0 if for π× π-almost
all pairs (x1, y1) and (x2, y2) at least one of the following two inequalities holds

u(x1, y1)− u(x1, y2) ≥ −ε (1)

v(x2, y2)− v(x1, y2) ≥ −ε

If both inequalities are violated, (x1, y2) is called an ε-blocking pair. Defini-
tion 2 effectively says that, in a random submarket consisting of two couples (x1, y1)
and (x2, y2) sampled from π independently, there is no ε-blocking pair almost surely.
For ε = 0, we will refer to ε-stable matchings as stable.

If u and v are continuous, Definition 2 becomes equivalent to its more intuitive
pointwise version resembling the classical definition of Gale and Shapley (1962).
Recall that the support of π, denoted by supp(π), is the minimal closed set of full
measure.

Lemma 2. Let u and v be continuous utility functions. A matching π is ε-stable if
and only if for any (x1, y1), (x2, y2) ∈ supp(π), at least one of the two inequalities (1)
holds.

Proof. One direction is straightforward: the pointwise property implies the almost-
everywhere property. We prove the opposite direction. Let π be an ε-stable matching
of populations µ ∈ M+(X) and ν ∈ M+(Y ) with continuous utilities u and v. Our
goal is to show that, for any (x1, y1), (x2, y2) ∈ supp(π), at least one of the two in-
equalities (1) holds. Towards a contradiction, suppose that there are (x∗

1, y
∗
1), (x

∗
2, y

∗
2) ∈

supp(π) such that both inequalities are violated. By continuity of u and v, we can
find open neighborhoods U1 ⊆ X×Y of (x∗

1, y
∗
1) and U2 ⊆ X×Y of (x∗

2, y
∗
2) such that

the inequalities are violated for all (x1, y1), (x2, y2) ∈ U1×U2. Since (x
∗
1, y

∗
1), (x

∗
2, y

∗
2) ∈

supp(π), we have π(U1) > 0 and π(U2) > 0. Thus U1 × U2 has a positive π × π-
measure, which contradicts the ε-stability of π. We conclude that ε-stability of π
implies that at least one of the two inequalities (1) holds for any (x1, y1), (x2, y2) ∈
supp(π).

Henceforth, we focus on the special case of markets with aligned preferences.

Definition 3. We say that the preferences of agents inX and Y are aligned if u = v,
i.e., the utility of a match is the same for both sides of the market.4

4We further discuss aligned preferences in Section 6. We discuss how aligned preferences arise
naturally in a model with transfers and lack of commitment in Section 6.1, and we provide sufficient
conditions for ordinal preferences to be aligned in Section 6.2.
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The stability condition for markets with aligned preferences boils down to a single
inequality. A matching π is stable, if for π × π-almost all pairs (x1, y1) and (x2, y2),
the following inequality holds

u(x1, y2) ≤ max {u(x1, y1), u(x2, y2)}+ ε. (2)

Remark. When agents’ types are identified with points on the real line, X = Y = R
and u(x, y) = −|x−y|, the condition of stability (2) with ε = 0 reduces to the notion
discussed in Section 2. The special case of the real line also illustrates that aligned
preferences do not mean common preferences: two distinct types of agents, x and x′

in X, will generally disagree on how they rank agents in Y .

Fairness. We now turn to a notion of fairness. To each matching π we assign a
number Umin(π) equal to the minimal utility of a couple matched under π:

Umin(π) = min
(x,y)∈supp[π]

u(x, y)

and denote the best Umin(π) over all matchings by

U∗
min(µ, ν) = max

π∈Π(µ,ν)
Umin(π).

This quantity is the egalitarian lower bound in the spirit of Rawls (1971): it is the
highest utility level feasible for every couple in the population simultaneously.

Under the assumption that X and Y are compact and u is continuous, Umin

and U∗
min are well-defined. Indeed, the support of π is a closed set, a closed subset of

a compact space is compact, and hence, the minimum is attained; the fact that the
maximum is attained is established below in Corollary 1 even for non-compact X
and Y . If u is discontinuous or X, Y are not compact, we replace the minimum with
the essential infimum and the maximum with the supremum.

Definition 4. Amatching π ∈ Π(µ, ν) is ε-egalitarian if there is a subset S ⊂ X×Y
with π(S) ≥ (1− ε) · π(X × Y ) such that

u(x, y) ≥ U∗
min(µ, ν)− ε for any (x, y) ∈ S.

In words, for a large fraction of the whole population, the utility resulting from
a ε-egalitarian matching almost satisfies the egalitarian lower bound. For ε = 0, we
will refer to ε-egalitarian matchings as egalitarian.
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Optimal transport. The canonical optimal transportation problem involves a
measurable cost function c : X×Y → R, and marginal measures µ ∈ M+(X) and ν ∈
M+(Y ) with µ(X) = ν(Y ). The goal is to find a matching π ∈ Π(µ, ν) that minimizes
the total cost:

min
π∈Π(µ,ν)

∫
X×Y

c(x, y) dπ(x, y). (3)

In this context, a matching π ∈ Π(µ, ν) is often referred to as a transportation
plan. We refer to Villani (2009) and Galichon (2018) for the basic theory of optimal
transport.

Solutions to optimal transport problems exhibit a certain “monotonicity” prop-
erty. Given c : X × Y → R, a set Γ ⊂ X × Y is called c-cyclic monotone if

n∑
i=1

c(xi, yi) ≤
n∑

i=1

c(xi, yi+1) (4)

for all n ≥ 2 and pairs of points (x1, y1), . . . , (xn, yn) ∈ Γ with the convention yn+1 =
y1. Solutions to an optimal transportation problem are known to be supported on
a c-cyclic monotone set.5

We shall see that the stability condition (2) arises naturally from the c-cyclic
monotonicity property of an auxiliary optimal transportation problem.

3.1 The main result

We now describe the link between stability, fairness, and optimal transport. For a
matching market with aligned preferences represented by a utility function u : X ×
Y → R, we consider a parametric class of cost functions given by

cα(x, y) =
1− exp(α · u(x, y))

α
. (5)

The tension between stability and fairness is a general phenomenon. We explore
it by recasting both properties in optimal transportation terms. Our main result,
Theorem 1, shows how stability and fairness result from taking opposite extreme
values of the parameter α.

Theorem 1. Let π∗ be a solution to the optimal transport problem

min
π∈Π(µ,ν)

∫
X×Y

cα(x, y) dπ(x, y).

5See Kausamo, De Pascale, and Wyczesany (2023) for a survey of related results.
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1. If α > 0, then π∗ is ε-stable, with ε = ln 2
α
.

2. If α < 0, then π∗ is ε-egalitarian, with ε = max{1, ln |α|}
|α| .

Taking the limit α → 0 in (5) suggests that the cost cα for α = 0 must be defined
by c0(x, y) = −u(x, y). Hence, for α = 0, the transportation problem in Theorem 1
corresponds to maximizing the utilitarian social welfare

W (π) =

∫
X×Y

u(x, y) dπ(x, y) (6)

Thus, by changing α gradually from −∞ to +∞, we interpolate between fairness,
welfare, and stability objectives. Theorem 2 below connects stability and utilitarian
welfare maximization.

Remark (Existence of optimal matchings). To guarantee the existence of a solution in
Theorem 1, it is enough to assume that u is continuous and bounded. No compactness
assumptions on spacesX and Y are needed. Indeed, an optimal transportation plan π
in (3) is known to exist under the assumption that the cost c is lower semicontinuous
and bounded from below when X and Y are Polish spaces.6

The proof of Theorem 1 is in Appendix B. Proving part 1 requires a result by Bei-
glböck, Goldstern, Maresch, and Schachermayer (2009), and boils down to checking
that the cyclic monotonicity condition (4) for the cost function cα from (5) implies
the ε-stability condition (2). To prove part 2, we show that the contribution of low-
utility couples to the transportation objective becomes dramatic for negative α, and
thus π∗ cannot place substantial weight on such couples.

Theorem 1 implies the existence of stable and egalitarian matchings under a
continuity assumption. The idea is to construct these matchings as the weak limits
of solutions to the optimal transportation problem from Theorem 1 for α → ±∞.

Denote by Πu
+∞(µ, ν) the set of matchings π that can be obtained as the weak

limit π = limn→+∞ παn of sequences of solutions παn to the transportation prob-
lem (3), with the cost cαn from (5), for some sequence of αn → +∞. Similarly
define Πu

−∞(µ, ν) to be the weak limits for some sequence αn → −∞.

Corollary 1. For continuous and bounded utility u, the sets Πu
+∞(µ, ν) and Πu

−∞(µ, ν)
are non-empty, convex, and weakly closed. All matchings in Πu

+∞(µ, ν) are stable and
all matchings in Πu

−∞(µ, ν) are egalitarian.

6See for instance Theorem 4.1 in Villani (2009).
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Corollary 1 provides the existence of stable and egalitarian matchings, and a
computationally tractable way of finding them, as a limit of solutions to a sequence
of linear programs.7 The existence of stable matchings for markets with aligned
preferences gives a special case of the general existence result proven in Greinecker
and Kah (2021). In Appendix B, we check that Corollary 1 follows from Theorem 1.

Remark. For finite markets, it is enough to take α large enough to obtain exact
stability. Indeed, if X and Y are finite, denote by δ the minimal change in utility
that an agent can experience if they change a partner:

δ = min

{
min

x, y ̸=y′
|u(x, y)− u(x, y′)|, min

y, x̸=x′
|u(x, y)− u(x′, y)|

}
.

Then any ε-stable matching with ε < δ is automatically stable. Combining this
observation with Theorem 1, we conclude that the solution of the optimal trans-
portation problem with α > δ/ ln 2 is stable.

The conclusions of Theorem 1 are not specific to the exponential objective in cα.
As we demonstrate in Appendix B, it is enough to take

c(x, y) = −h (u(x, y)) , (7)

where h is a monotone-increasing function with a large logarithmic derivative. In-
deed, we show that if h > 0 is monotone increasing and

h′(t)

h(t)
≥ α (8)

for some positive α and t in the range of u, then any solution to the transportation
problem with cost (7) is ε-stable with ε = ln 2

α
. Similarly, if h < 0 is monotone

increasing and satisfies (8) with α < 0, then the solution to the transportation

problem is ε-egalitarian with ε = max{1, ln |α|}
|α| .

The set Πu
+∞(µ, ν) of stable matchings in Corollary 1 is convex, but the set of

all stable matchings may not have this property. Indeed, the stability condition (2)
is not convex. Thus Corollary 1 constructs solutions to a non-convex problem by
approximating it via convex problems. In consequence, it provides a convex selection
from the set of all stable matchings; but there can exist stable matchings that do

7The set of stable matchings does not change after a monotone parametrization of the utility
function. Therefore, Corollary 1 implies the existence of stable matchings without boundedness
assumption on utility u. Indeed, it is enough to replace u with a reparametrized utility ũ(x, y) =
arctan(u(x, y)).
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not correspond to (limits of) solutions to optimal transportation problems (3) with
cost (5). This happens when there is a positive measure of agents indifferent between
several potential matches, as in the following example.

Example 1 (Non-uniqueness of stable matchings). Consider X = Y = R, the utility
function u(x, y) = −|x−y|, and two-point populations: µ places equal weight on x1 =
1/3 and x2 = 1 and ν places equal weight on y1 = 0 and y2 = 2/3.

One can check that the following two matchings are stable.

• The deterministic matching, where xi is matched with yi, i.e.,

π =
1

2
δ(x1,y1) +

1

2
δ(x2,y2),

where δ(x,y) denoted the unit mass at a point (x, y).

• The random matching, where each xi is matched with each yj equally likely,
i.e.,

π′ =
1

4
δ(x1,y1) +

1

4
δ(x2,y2) +

1

4
δ(x1,y2) +

1

4
δ(x2,y1).

Interestingly, π and π′ have different welfare consequences. The matching π is egal-
itarian, and all agents are matched with a partner 1/3 away. For π′, all couples ex-
cept (x2, y1) are 1/3 away from their partners and |x2−y1| = 1. We conclude that the
stable matching π Pareto dominates another stable matching π′. The set Πu

+∞(µ, ν)
in this example consists of the matching π only.8 Indeed, Pareto-dominated match-
ing π′ cannot result from optimizing an objective strictly monotone in agents’ utili-
ties.

3.2 Welfare and fairness of stable matchings

Theorem 1 shows that fairness and stability correspond to the two extremes of the α-
spectrum, +∞ and −∞, respectively. This result suggests that stability may fail to
provide any individual fairness guarantee. As we show here, even though the loss in
fairness and welfare may be dramatic, there is an upper bound on it.

To get the intuition of why losses in welfare and fairness are bounded, we rein-
terpret the definition of stability. Consider a continuous utility u and a match-
ing π ∈ M+(X × Y ) with marginals µ and ν. By Lemma 2, matching π is ε-stable

8We conjecture that the set of stable matchings is a singleton under a condition ruling out large
groups of indifferent agents. For matchings in R, this conjecture holds (Proposition 1); see also
Section 4 for Rd with d ≥ 2.
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with ε ≥ 0 if for all (x1, y1) and (x2, y2) in the support of π,

u(x1, y2) ≤ max {u(x1, y1), u(x2, y2)}+ ε. (9)

The couple (x1, y2) can serve as a generic element of the product space X × Y . This
observation allows us to interpret formula (9) as follows:

A matching π is ε-stable if, for a generic couple (x, y), the utility of at
least one of the partners of x or y in π gives at least the utility of (x, y)
minus ε.

In other words, the utility of a hypothetical couple (x, y) provides a lower bound to
the utility of at least one of the partners in a stable match. In particular, the latter
utilities cannot be too small simultaneously. This observation bounds the extent to
which welfare and fairness are to be sacrificed in order to get stability.

Recall that utilitarian welfareW (π) of a matching π is given by (6) and letW ∗(µ, ν)
be the maximal welfare over all π ∈ Π(µ, ν). The following result is proved in Ap-
pendix B.

Theorem 2. Consider a market with unit populations (µ(X) = ν(Y ) = 1) and
aligned preferences represented by a bounded and continuous utility9 u ≥ 0. Then
any ε-stable matching π satisfies

W (π) ≥ 1

2
(W ∗(µ, ν)− ε) .

Moreover, π is ε′-egalitarian with

ε′ = max

{
1

2
, ε

}
.

In particular, we obtain that any stable matching guarantees 1/2 of the optimal
welfare and is 1/2-egalitarian. For markets with a finite number of agents, we re-
cover the welfare guarantee obtained by Anshelevich, Das, and Naamad (2013). The
bounds in Theorem 2 are conservative as they target ε-stable matchings that have
the lowest welfare or that are least egalitarian.

9If a bounded continuous utility u does not satisfy the non-negativity requirement, one can
apply Theorem 2 to ũ(x, y) = u(x, y)− infx′,y′ u(x′, y′). For example, this argument applies to the
distance-based utility of Section 2 if µ and ν have bounded support.
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4 Matching in Rd

We now consider the case of multidimensional type spaces, generalizing the analysis
from Section 2. The two sides of the market X and Y are now subsets of Rd with d ≥
1. Each agent prefers to be matched to someone as close as possible, which is captured
by the following distance-based utility function

u(x, y) = −∥x− y∥ = −

√√√√ d∑
i=1

(xi − yi)2.

The connection between stability, fairness, welfare, and optimal transport established
in Theorem 1 is not sensitive to the dimension d. However, in the case of d = 1
discussed in Section 2, further structure can be observed.

Given a cost function of the form c(x, y) = h(|x− y|) where h is strictly convex,
it is well-known that the solution to (3) is simple and has little dependence on h. In
particular, for any such cost function, the assortative matching is uniquely optimal.
Recall that the assortative matching is supported on the curve given by the equa-
tion Fµ(x) = Fν(y) where Fµ and Fν are the cumulative distribution functions of µ
and ν, respectively.

In the case d = 1, the cost function from (5) specializes to

cα(x, y) =
1− exp(−α · |x− y|)

α
. (10)

which is a strictly convex function of |x− y| so that the assortative matching is the
unique solution to the optimal transport problem for any α < 0. By taking weak
limits, and noting that as α → 0, (3) approaches the utilitarian objective, applying
Theorem 1, we see that the assortative matching is fair and also attains the maximal
welfare level.

Corollary 2. For X = Y = R and non-atomic µ, ν with bounded support, the
assortative matching is egalitarian and is welfare-maximizing.

While the assortative matching is both fair and efficient, outside of some degen-
erate cases it is not stable. To see why, note that whenever there are points x < x′

and y < y′ matched assortatively, the no-crossing condition cannot be satisfied un-
less x, x′ and y, y′ interlace. This observation implies that the assortative matching
is never stable for non-atomic µ and ν. Indeed, the following example shows that
stability can induce substantial inequality.
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Example 2 (Fairness-stability tension). Let X = Y = R, like the example we dis-
cussed in Section 2. Let µ be the uniform distribution on [−1, 0] and ν be the uniform
distribution on [0, 1], and so ρ = µ− ν has density

σ(t) =

{
1, t ∈ [−1, 0]

−1, t ∈ [0, 1]

See Figure 4 for an illustration. The unique stable matching π is demonstrated in
Figure 4a by the half-circles. Types −z ∈ [−1, 0] are matched with types z ∈ [0, 1].
Notice that the stable matching induces substantial inequality in the value of the
matches. The agents with types close to zero are paired to agents who have similar
types to them, while the agents far from zero are matched with agents who have very
different types.

Figure 4b, by contrast, exhibits the egalitarian matching. All agents are given a
partner whose type is distance one away from their own, and thus all agents obtain
the same utility from their match.

(a) Stable (b) Egalitarian

Figure 4: Two solutions to the matching problem.

Inequality in a stable matching becomes even more stark if the two sides of the
market have mass in common. Consider new populations µ′ = µ+ λ and ν ′ = ν + λ,
where λ is the uniform distribution on [−1, 1]. A stable matching for (µ′, ν ′) matches
as many agents x as possible with their ideal partners y = x, thus exhausting λ;
see Section 2. Then, the residual population (µ, ν) is matched as in Figure 4a. As
a result, half of the agents of type x ∈ [−1, 0] are matched with their ideal partner
y = x and half, with y = −x. For x = −1, this means obtaining either the best or
the worst possible partner. We conclude that stable matchings may result in envy
within the same type.
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The following example illustrates that there is no stability-welfare tension in
markets with at most three regions of under/oversupply, but the tension can be
present in general.

Example 3 (Welfare-stability tension). Let X = Y = R. Consider a market (µ, ν)
from the previous example. One can easily check that the stable matching (Figure 4a)
and the egalitarian one (Figure 4b) have the same welfare. Since egalitarian matching
is also welfare-maximizing (Corollary 2), so is the stable one. In other words, stable
matching results in inequality but not in welfare loss.

More generally, the stability-welfare tension is absent if ρ = µ − ν changes sign
at most twice (in our example, ρ changes sign once at t = 0). Indeed, McCann
(1999) showed that a transportation problem on R with a concave objective admits
a no-crossing solution. Moreover, a matching satisfying no-crossing is unique if ρ
changes sign at most two times as in Figure 5. Thus, the same no-crossing matching
solves the transportation problem with the cost cα from (10) with any α ∈ [0,+∞).
Letting α go to +∞, we conclude this matching is stable. Plugging α = 0, we get
that it is also welfare-maximizing.

Figure 5: For µ − ν changing sign two times, no-crossing matching is unique and
thus is simultaneously stable and welfare-maximizing.

For ρ changing sign three or more times, stability may come at welfare cost. For
example, consider the market from Figure 3, where ρ changes sign three times. Recall
that the set of all no-crossing matchings is parameterized with θ ∈ [0, 1], and stable
matching corresponds to θ = 4/7. It has welfare of approximately −6.02, while the
optimal welfare of −2 is attained at θ = 1. Figure 6 illustrates the dependence of
optimal θ on α in the optimal transportation problem with cost cα.

Consider now Rd with d > 1. There may be a tension between individual and
collective welfare, absent in the one-dimensional case.

Example 4 (Fairness-welfare tension). Let X = Y = R2. Let Bδ(x, y) denote the
ball of radius δ centered at the point (x, y). Let µ have density 1 on Bδ(0, 0) ∪
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Figure 6: Dependence of θ on α in the optimal transport problem with cost cα and
distribution from Figure 3.

Bδ(0, 1) and ν have density 1 on Bδ(0, 0) ∪ Bδ(1, 0). In the welfare maximizing
matching, the agents X and Y in Bδ(0, 0) are matched together and the agents in X
from Bδ(0, 1) are matched with those from Bδ(1, 0) in Y . This gives an average
match distance of 1

2

√
2 and the longest distance between matched agents is no less

than
√
2. By contrast, the matching which pairs the X agents in Bδ(0, 1) with the Y

agents in Bδ(0, 0) and the X agents in Bδ(0, 0) with the Y agents in Bδ(0, 1) gives
an average match distance of 1 but has the longest distance between matched pairs
no more than 1 + 2δ.

Concave and convex optimal transport are not prone to explicit solutions be-
yond d = 1, but some structural results can be obtained for d > 1. Now the cost
function is

cα(x, y) =
1− exp(−α · ∥x− y∥)

α
. (11)

Say that a matching π is deterministic if it is supported on the graph of an invertible
map s : X → Y . A matching π is diagonal if x = y for π-almost all couples (x, y).
Off-the-shelf results from optimal transport (Theorems 1.2 and 1.4 of Gangbo and
McCann (1996)) address multidimensional optimal transport with concave or convex
costs. Their results imply the following corollary.

Corollary 3. Consider a market with X = Y = Rd, compactly supported µ and ν
absolutely continuous with respect to the Lebesgue measure, and utility u(x, y) =
−∥x − y∥. The optimal transportation problem with cost (11) admits an optimal
matching π∗ and the following assertions hold:
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• For α < 0, π∗ is unique and deterministic;

• For α > 0, π∗ is unique and is a convex combination of a deterministic match-
ing and a diagonal one.

• There is a deterministic matching π∗ which maximizes welfare.

We note that the condition of absolute continuity with respect to the Lebesgue
measure can be weakened to the requirement that µ and ν place zero mass on (d−
1)-dimensional surfaces. Moreover, by imposing this requirement on µ only, we
would obtain a version of Corollary 3 where the conclusion that π∗ is deterministic is
replaced with the Monge property (π∗ is supported on a graph of s : X → Y , but s
may not be invertible).

The egalitarian matching obtained as the limit α → −∞ corresponds to the so-
called L∞-transportation problem; see, for example, Champion, De Pascale, and Juu-
tinen (2008); Brizzi, De Pascale, and Kausamo (2023). The transportation literature
has mostly focused on questions of existence, uniqueness, and an appropriate notion
of cyclic monotonicity. We note that, for a distance-based cost, the L∞-problem is
only interesting in the multi-dimensional case since, on the real line, it corresponds
to the assortative matching by Corollary 2. To the best of our knowledge, the limit
problem for α → +∞ has not been studied prior to our paper.

4.1 Discussion of applications to school choice

In school choice, student preferences and school priorities can depend on many fac-
tors and, in general, will not be aligned. However, distance is a key component of
student preferences over schools and of school priorities. For example, Walters (2018)
estimates student preferences over charter schools in Boston, and finds that distance
traveled is a key driver of student preferences. Other papers find generally similar
results (Laverde, 2022; Dinerstein and Smith, 2021; Agostinelli, Luflade, Martellini,
et al., 2021). Similarly, school districts typically give priority to local students. For
example, in Boston, priority is given to students with siblings who attend the same
school and to students who live within a mile of the school (Angrist, Gray-Lobe,
Idoux, and Pathak, 2022).

Stable matching in Rd provides a setting to analyze this component of school
choice in isolation. By recasting stable matching as the solution to a particular
planner’s problem, we can more easily compare the objective implicit in stability with
traditional welfare measures. Theorem 1 shows that stability comes from maximizing
an objective which places very high weight on matching students to nearby schools,
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but which places vanishing value on the externalities that these matches can cause
to students who will have to travel farther as a result. The stability objective is
at the opposite extreme of the commonly used welfare measures in other areas of
economics. For example, in public finance, it is common to model the planner as
maximizing the average of a concave function—equivalently, minimizing a convex
function—of utilities (Saez, 2001). The concave welfare measure reflects a planner’s
preference for fairness. When α is large, however, (11) corresponds to a planner who
loves inequality.

This discussion has two implications for school choice. First, stable matching
can generate long average travel times; though Theorem 2 suggests a limit on the
severity of this phenomenon. Second, stable matching can entail very long travel
times for some students, and short travel times for others, even when these students
are ex-ante identical.

Consistent with our findings, Angrist, Gray-Lobe, Idoux, and Pathak (2022) doc-
ument that, since adopting the deferred acceptance algorithm, both Boston and New
York have seen substantial increases in municipal expenditures on transportation and
a significant fraction of students travel long distances to school. For example, in the
first decade after implementing the deferred acceptance algorithm, Boston saw more
than a 50% increase in per-pupil expenditures on travel. They estimate that switch-
ing to neighborhood assignment would decrease average travel times by as much as
17 minutes in New York and 13 minutes in Boston. By contrast, Angrist, Gray-Lobe,
Idoux, and Pathak (2022) find modest effects on test scores and college attendance.

5 Multi-partner matching

The two-sided matching problem can be generalized to the formation of stable k-
tuples. There are k sets of agents, X1, . . . , Xk, and functions ui : X1 × . . . × Xk →
R, i = 1, . . . , k. The interpretation is that each tuple (x1, . . . , xk) generates a util-
ity ui(x1, . . . , xk) to agent xi.

First, suppose that all Xi are finite and have the same cardinality. A matching
is a collection µ of k-tuples (x1, . . . , xk) such that each xi appears in exactly one
tuple. We write µ(xi) for the tuple that xi belongs to. A k-tuple (x1, . . . , xk) blocks
a matching µ if ui(x1, . . . , xk) > ui(µ(xi)) for all i = 1, . . . , k. A matching is stable
if there is no blocking tuple.

The multi-partner matching problem is well known to be intractable. Even with
three partners (k = 3) and additively separable preferences ui(x) =

∑
j ̸=i vi(xi, xj),

there may not exist a stable matching (Alkan, 1988). Moreover, deciding whether a
stable matching exists is NP-hard (Ng and Hirschberg, 1991). The case of aligned
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preferences—utilities ui = u for all agents i—turns out to be an exception: a stable
matching is guaranteed to exist, and the theory we have developed for two-sided
markets readily extend to multi-partner matching.

We turn to a generalization of the model introduced in Section 3. The sets Xi are
assumed to be Polish spaces, each Xi is endowed with a measure µi ∈ M+(Xi) repre-
senting the distribution of agents inXi, and the total mass µi(Xi) is the same for all i.
A matching π is a positive measure on X = X1 × . . .×Xk with marginals µi on Xi,
and Π(µ1, . . . , µk) denotes the set of all matchings. A measurable function u : X → R
is the agents’ common utility: each agent in a k-tuple x = (x1, . . . , xk) enjoys utility
of u(x).

For a matching π, let π×k denote the product measure on Xk. So π×k corresponds
to k independent draws of a tuple from X. A matching π is ε-stable if, for π×k-
almost all collections of tuples x1, . . . , xk,

u(x1
1, . . . , x

k
k) ≤ max

i=1,...,k
u(xi) + ε.

The notions of an ε-egalitarian matching and that of the optimal welfare W ∗ also
straightforwardly extend to the multi-partner case.

Given a cost function c : X → R, the k-marginal optimal transport problem is to
find a matching π minimizing the cost

min
π∈Π(µ1,...,µn)

∫
X

c(x) dπ(x). (12)

As in the two-sided case, we consider the following cost function

cα(x) =
1− exp(α · u(x))

α
. (13)

Theorems 1 and 2 generalize to the k-partner case as follows.

Theorem 3. Consider a k-partner matching market with aligned preferences and
bounded continuous utility u : X1×. . .×Xk → R+. Let π

∗ be a solution to the optimal
transportation problem (12) with the cost cα from (13). The following assertions hold:

1. If α > 0, then π∗ is ε-stable with ε = ln k
α
.

2. If α < 0, then π∗ is ε-egalitarian with ε = max{1, ln |α|}
|α| .

3. For unit populations (µi(Xi) = 1 for all i = 1, . . . , k), any ε-stable match-
ing π satisfies W (π) ≥ 1

k
(W ∗ − ε) . Moreover, π is ε′-egalitarian with ε′ =

max
{

1
k
, ε

}
.
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The theorem is proved in Appendix C. As we see, the factor 2 in Theorems 1
and 2 is equal to the number of sides of the market and so gets replaced with k in
Theorem 3. This theorem allows one to capture team, club, or coalition formation.
The following example illustrates that it can also capture organ exchanges under
compatibility constraints.

Example 5 (Organ exchanges). Consider the problem of organ exchanges, as in (Roth,
Sönmez, and Ünver, 2005, 2007). An agent is a patient-donor pair, in which the donor
is willing to donate an organ to the patient, but the donation is not feasible because
the two are incompatible. For practical reasons—see (Roth, Sönmez, and Ünver,
2005, 2007)—we rule out complicated organ trades, and focus attention on exchanges.
These are trades that are done in pairs. At first glance, the organ exchange problem
appears to be a one-sided problem, where any pair can be matched with any other
pair. However, we can recast the model as a multi-sided matching problem.

Suppose that there are k types of agents. These could, for example, correspond
to the blood types of the patient and the donor: (O,A), (A,B), and so on. Depending
on the organ, other biological markers may be used in defining the type of an agent.
Let the total number of types be k. In addition, assume that agents differ in the
size (s1, s2) ∈ R2 of the organs of the patient and donor, respectively. Let µi represent
the distribution of agents of type i in R2. Let G = ({1, . . . , k}, E) be a compatibility
graph, so that (i, j) ∈ E whenever the type of the donor from i is compatible with the
type of the patient from j, and vice versa. Now for any compatible pair of types (i, j)
and for any two vectors of sizes si = (si1, s

i
2) and sj = (sj1, s

j
2), assume that the match

quality between the pairs can be captured by a function qi,j(s
i, sj).

To make this into a k-sided matching market, we augment each type by adding
a “dummy” agent di, and add a sufficient quantity of copies of the dummy agent so
that µi(R2) is the same for all types i.

Now define a utility function u :×k

i=1
R2 ∪ {di} → R by

u(x1, . . . , xk) =


qi,j(xi, xj), if (i, j) ∈ E, and xi, xj are the only non-dummy types

0, if there is at most one non-dummy type

−M, otherwise

,

where M > 0 is a large number. This now forms a multi-sided matching market as
considered above, and the theory developed can be used to find stable and egalitarian
matchings.
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6 Aligned preferences

In this section, we discuss some foundations for preference alignment. Thus far, we
have defined aligned preferences via utility functions. However, utility functions are
just a convenient way to represent underlying preferences, and passing from prefer-
ences to utilities involves some arbitrariness unless there is a natural common scale,
as in the presence of transfers. First, we argue that alignment is natural in the case
of matching with transfers if agents bargain over transfers after matches are formed
as in Pycia (2012). Second, we discuss conditions on agents’ preferences sufficient
for alignment, i.e., for the existence of a common utility function representing these
preferences. The key requirement is a certain acyclicity property.

6.1 Aligned preferences in markets with transfers

We argue that aligned preferences are a natural assumption in models of matching
with transfers and lack of commitment ability. Namely, we show that alignment arises
when agents cannot commit to utility transfers at the stage where they bargain over
matches, and the post-match surplus is shared according to Nash bargaining.

Consider the matching market with transferable utility introduced by Shapley
and Shubik (1971) and used, for example, in marriage-market models of Becker
(1973) and Galichon and Salanié (2022). If a couple (x, y) forms a match, then they
generate a surplus s(x, y) that they may share: x getting û(x, y) and y getting v̂(x, y),
with û(x, y)+v̂(x, y) = s(x, y). The model with transferable utilities assumes that the
shares û(x, y) and v̂(x, y) are determined at the same time as the match. Effectively,
the model assumes that transfers between couples are negotiated, agreed upon, and
committed to, as part of the bargaining over who matches with whom.

We consider instead the possibility that agents cannot commit to a specific share
of the surplus when they agree to form a pair with another agent. Specifically, we
assume that, once a match has been formed, it cannot be broken without significant
cost, and that the two members of a couple bargain over how to share the surplus
according to the Nash bargaining model with fixed weights, β and 1− β, for the X
and Y sides, respectively. This means that if a couple (x, y) forms, then û(x, y) =
β · s(x, y) while v̂(x, y) = (1− β) · s(x, y).

For a matching π to be ε-stable we would need that, for π×π-almost all pairs (x1, y1),
(x2, y2), either û(x1, y2) ≤ û(x1, y1) + ε or v̂(x1, y2) ≤ v̂(x2, y2) + ε. Under Nash bar-
gaining surplus-sharing, we get that π is ε-stable if at least one of the following
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inequalities hold

s(x1, y2) ≤ s(x1, y1) +
ε

β

s(x1, y2) ≤ s(x2, y2) +
ε

1− β

Defining ε′ = ε/min{β, 1− β}, we obtain

s(x1, y2) ≤ max{s(x1, y1), s(x2, y2)}+ ε′

and conclude that a matching π is ε-stable in the model with Nash bargaining surplus-
sharing if and only if it is ε′-stable in a market with aligned preferences represented
by s(x, y).

6.2 Ordinal conditions for aligned preferences

In the absence of a monetary scale pinning down a particular utility representation
of preferences, it becomes especially important to identify requirements on agents’
preferences that enable the existence of a utility representation common to both sides
of the market.

Recall that a binary relation is called a preference if it is complete and transitive.
We denote preferences by ⪰. The two sides of the market are given by sets X and Y .
For each x ∈ X we have a preference ⪰x over Y . Likewise, for each y ∈ Y we
have a preference ⪰y over X. We collect these data into a tuple (X, Y,⪰X ,⪰Y )
where ⪰X= (⪰x)x∈X and ⪰Y= (⪰y)y∈Y .

Definition 5. A function u : X × Y → R is a potential for (X, Y,⪰X ,⪰Y ) if

u(x, y) ≥ u(x, y′) ⇐⇒ y ⪰x y′

u(x, y) ≥ u(x′, y) ⇐⇒ x ⪰y x
′ for all x, x′, y, y′.

In other words, the potential is a single utility function representing the prefer-
ences of each of the sides of the market. The key condition for the existence of a
potential turns out to be a form of acyclicity. A sequence of couples,

(x1, y1), (x2, y2), . . . , (xn, yn),

with n > 2 forms a cycle if (xn, yn) = (x1, y1) and each couple (xi+1, yi+1) has exactly
one agent in common with the preceding couple (xi, yi). The tuple (X, Y,⪰X ,⪰Y )
is acyclic if, for any cycle (x1, y1), (x2, y2), . . . , (xn, yn) where each common agent
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prefers their partner in (xi+1, yi+1) to their partner in (xi, yi), all common agents are,
in fact, indifferent between the two partners.

For finite markets, acyclicity is necessary and sufficient for a potential to ex-
ist. This result is due to Niederle and Yariv (2009) who established the connection
with potential games where Monderer and Shapley (1996) and Voorneveld and Norde
(1997) used a similar condition. We extend this result to arbitrary topological spaces.
This generalization requires additional technical requirements, similar to those nec-
essary for the existence of a utility function on a general topological space.

For a preference ⪰ on a set Z, we denote by ≻ the strict part of ⪰, i.e., z ≻ z′ if
and only if z ⪰ z′ but z′ ̸⪰ z. For a topological space Z, a preference ⪰ is said to be
continuous if the upper contour sets

U⪰(z) = {z′ ∈ Z : z′ ≻ z}

and lower contour sets
L⪰(z) = {z′ ∈ Z : z ≻ z′}

are open. In addition to the continuity of each agent’s preferences, we need continuity
with respect to changing the agent. We consider the following requirements on
of (X, Y,⪰X ,⪰Y ):

1. If b ≻a b
′, then there is a neighborhood Na of a for which b ≻ã b

′ for all ã ∈ Na.

2. If b ≻a b′ then there are neighborhoods Na of a, Nb of b, and Nb′ of b
′ such

that b̃ ≻ã b̃
′ for all (ã, b̃, b̃′) ∈ Na ×Nb ×Nb′ .

3. If b′ ⪰a b and b ⪰a′ b
′′, where b ̸= b′, b′′ and a ̸= a′, then, in any neighborhood

of b, there exists b̃ such that b′ ≻a b̃ and b̃ ≻a′ b
′′.

Property 1 is a continuity assumption relating how one agents’ preferences must
be similar to the preferences of agents who are close by on the same side of the mar-
ket. Property 2 is a stronger joint continuity property, and, under some additional
assumptions on the spaces X and Y , amounts to saying that a 7→⪰a is a continuous
map in the topology of closed convergence; see Kannai (1970). Property 3 is in the
spirit of local strictness by Border and Segal (1994).

Theorem 4. Let (X, Y,⪰X ,⪰Y ) be such that X and Y are complete, separable,
and connected topological spaces. Suppose that preferences are continuous, satisfy
acyclicity, and properties (1) and (3). Then there is a potential u. If, moreover,
Property 2 is satisfied, then u can be taken to be upper semicontinuous.
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The proof of Theorem 4 is in Appendix D. The proof uses a construction borrowed
from Debreu (1954, 1964), which works by extending a primitive ordering defined on
a countable dense subset to the whole space. In the case of Theorem 4, the ordering
admits a potential on a countable dense subset, but the extension is more challenging
than in the canonical utility representation problem of Debreu. One has to show the
existence of a strict comparison for the utility of each agent, even for those who are
not included in the countable dense subset. This necessitates the continuity and
local strictness properties listed as the hypotheses of the theorem.
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A Exact algorithm for stable matching on R
Recall that when X and Y are finite, a simple greedy algorithm will result in a stable
matching: let (x, y) be the pair with the highest utility from matching. Match (x, y),
remove the matched agents, and repeat. In this section, we construct an analogous
procedure for the case where X and Y are possibly continuous.

Let X = Y = R and consider two populations represented by µ ∈ M+(X)
and ν ∈ M+(Y ) with equal total measure µ(X) = ν(Y ) and utility u(x, y) = −|x−y|.
We will refer to the pair (µ, ν) as a market and assume that µ and ν are non-atomic
measures, and the difference ρ = µ − ν changes sign a finite number of times. We
say that ρ changes sign K times if there is a collection of K intervals I0, . . . , IK such
that the restriction of ρ to Ik is either a positive or a negative measure, and K is the
minimal number with this property. We will refer to the intervals Ij as the imbalance
regions.

We will construct a stable matching for (µ, ν) by sequentially simplifying the
market. The idea is to identify submarkets (µ′, ν ′) that are to be matched together
in any stable matching the same way they would be matched if the rest of the
population (µ − µ′, ν − ν ′) did not exist. As we will see, there is always a way to
find such (µ′, ν ′) that are to be matched in a simple monotone way. Repeating this
procedure, we construct the stable matching for (µ, ν). This requires only a finite
number of steps since the number of imbalance regions is finite and monotonically
decreases.

We will start with two lemmas describing benchmark markets for which a stable
matching can be obtained in one step. For general markets (µ, ν), these benchmark
cases will correspond to the submarkets of interest.

We say that (µ, ν) is a diagonal market if µ = ν. In such markets, everyone can
be matched with their ideal partner x = y. The opposite extreme is when nobody
can be matched with their hypothetical ideal partner x = y. Populations (µ, ν)
form a disjoint market if µ and ν are mutually singular, i.e., there is a measurable
subset A ⊂ R such that µ(R \ A) = 0 and ν(A) = 0. An important special case
corresponds to A = (−∞, t] or A = [t,∞) for some t ∈ R. In this case, the supports
of µ and ν are ordered on the line, i.e., either supp(µ) ≤ supp(ν) or supp(ν) ≤
supp(µ). We call such (µ, ν) an anti-diagonal market. Equivalently, (µ, ν) is an
anti-diagonal market if µ and ν are mutually singular and ρ changes sign only once.

Lemma 3. If (µ, ν) are diagonal or anti-diagonal markets, then the stable matching π
is unique and is assortative or anti-assortative, respectively.

In other words, for diagonal markets, π is supported on the solution Fµ(x) =
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Fν(y), where Fµ and Fν are the cumulative distribution functions of µ and ν. Since µ =
ν, π is supported on the 45-degree line. In the anti-diagonal case, π is supported on
the solution to Fµ(x) = 1− Fν(y).

Proof. For diagonal and anti-diagonal markets, ρ = µ − ν changes sign only once.
As shown by McCann (1999), a matching satisfying the no-crossing condition is
unique whenever the sign changes at most two times. Assortative and anti-assortative
matchings satisfy the no-crossing condition and, thus, are unique matchings with this
property. By Lemma 1, they are unique stable ones.

A market (µ′, ν ′) is a submarket of (µ, ν) if µ′ ≤ µ and ν ′ ≤ ν. Note that
µ′(R) = ν ′(R) by the assumption that (µ′, ν ′) is a market. For a submarket (µ′, ν ′),
the residual submarket is defined by (µ′′, ν ′′) = (µ− µ′, ν − ν ′).

Lemma 4. For any market (µ, ν), there exists a unique diagonal submarket (µ′, ν ′)
such that the residual submarket (µ′′, ν ′′) = (µ− µ′, ν − ν ′) is disjoint.

A matching π is a stable matching of (µ, ν) if and only if π = π′ + π′′, where π′

is the (unique) stable matching of (µ′, ν ′) and π′′ is a stable matching of (µ′′, ν ′′).

Proof. We first construct a diagonal submarket (µ′, ν ′) such that the residual sub-
market (µ′′, ν ′′) is disjoint. Let ρ = µ − ν. We get that ρ can also be expressed
as µ′′ − ν ′′. By Hahn’s theorem, there is a unique way to represent a signed mea-
sure τ as τ+− τ−, where τ± are positive measures that are mutually singular. We get
that (µ′′, ν ′′) must provide the Hahn decomposition of ρ, i.e., µ′′ = ρ+ and ν ′′ = ρ−.
Thus (µ′, ν ′) is given by µ′ = µ − ρ+ and ν ′ = ν − ρ−. It is a diagonal submarket
since

µ′ − ν ′ = (µ− ν)− (ρ+ − ρ−) = ρ− ρ = 0.

Its uniqueness follows from the uniqueness of the Hahn decomposition.
Let π′ be the stable matching of the diagonal submarket (µ′, ν ′). By Lemma 3,

matching π′ is unique and is given by the assortative matching. If π′′ is a stable
matching of (µ′′, ν ′′), then π′+π′′ is a stable matching of (µ, ν). Indeed, by combining
the two markets, we do not create any cross-market blocking pairs as any agent in π′

is matched with their best partner.
It remains to show that any stable matching π of (µ, ν) can be represented

as π′ + π′′ with stable π′ and π′′, where π′ is the stable matching of the diagonal
submarket (µ′, ν ′). We adapt an argument from the optimal transport literature
with metric costs (see Gangbo and McCann, 1996, Proposition 2.9). Let πdiag be the
restriction of π to the diagonal {(x, y) : x = y}, i.e., πdiag(A) = π′(A∩{(x, y) : x = y})
for any measurable A. Our goal is to show that π′ = πdiag. Towards contradiction,
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assume this equality does not hold. Hence, the marginals µdiag and νdiag of πdiag

satisfy µdiag ̸= µ′ and νdiag ̸= ν ′. By the uniqueness of the Hahn decomposition, µ′′ =
µ− µdiag and ν ′′ = ν − νdiag do not form a disjoint market, i.e., there is a set B ⊂ R
with µ′′(B) > 0 and ν ′′(B) > 0. Consider a set S = supp(π)\{(x, y) : x = y}. Let XS

and YS be the projections of the set S. These are sets of full measure with respect
to µ′′ and ν ′′, and thus, the intersection XS ∩ YS is non-empty. Pick t ∈ XS ∩ YS.
There are two couples (x1, y1), (x2, y2) ∈ supp(π) with x1 = t and y2 = t and x1 ̸= y1
and x2 ̸= y2 which violate the no-crossing condition. By Lemma 1, π cannot be sta-
ble. This contradiction implies that πdiag = π′. We conclude that any stable π can
be represented as π′ + π′′, where π′ is a stable matching of the diagonal submarket
and π′′ is a stable matching of a disjoint submarket.

Lemma 4 reduces the problem of constructing and showing the uniqueness of a
stable matching for general (µ, ν) to these questions for disjoint markets.

A submarket (µ′, ν ′) is independent if members of (µ′, ν ′) top-rank each other
within (µ, ν), i.e., |x− y′| > |x− y| for µ′-almost all x, ν ′-almost all y, and (ν − ν ′)-
almost all y′ and |x′ − y| > |x− y| for µ′-almost all x, ν ′-almost all y, and (µ− µ′)-
almost all x′. Independent submarkets are important because they can be matched
myopically, i.e., without worrying about the residual populations.

Lemma 5. Let (µ′, ν ′) be an independent submarket of (µ, ν) and let (µ′′, ν ′′) =
(µ−µ′, ν−ν ′) be the residual submarket. A matching π is a stable matching of (µ, ν)
if and only if π = π′ + π′′, where π′ is a stable matching of (µ′, ν ′) and π′′ is a stable
matching of (µ′′, ν ′′).

Proof. Let π′ be a stable matching of an independent submarket (µ′, ν ′) and π′′

be a stable matching of the residual submarket (µ′′, ν ′′). Then π = π′ + π′′ is a
stable matching of (µ, ν) since combining the two markets cannot create cross-market
blocking pairs by the independence of (µ′, ν ′).

Now, let π be a stable matching of (µ, ν). We show that π can be represented
as π′ + π′′, where π′ is a stable matching of (µ′, ν ′) and π′′ be a stable matching
of (µ′′, ν ′′). Note that the stability of a submarket follows from the stability of a
market, and thus we only need to check that π = π′ + π′′, where π′ and π′′ are
matchings.

Strict inequalities in the definition of independence imply that µ′ and µ′′ cannot
have any mass in common. In other words, µ′, µ′′ and ν ′, ν ′′ are mutually singular. By
Hahn’s theorem, there are disjoint sets X ′ and X ′′ such that µ′ and µ′′ are given by
restricting µ on X ′ and X ′′, respectively. The disjoint sets Y ′ and Y ′′ are constructed
analogously.
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We now show that π cannot place positive mass on X ′ × Y ′′ and X ′′ × Y ′. First,
observe that π(X ′ × Y ′′) = π(X ′′ × Y ′). Indeed,

π(X ′×Y ′′)−π(X ′′×Y ′) = π(X ′×(Y ′∪Y ′′))−π((X ′∪X ′′)×Y ′) = µ(X ′)−ν(Y ′) = 0.

Second, we show that the common value is zero. Towards contradiction, assume
that π(X ′ × Y ′′) = π(X ′′ × Y ′) > 0. Thus supp(π) contains (x1, y2) ∈ X ′ × Y ′′ and
(x2, y2) ∈ (X ′′, Y ′). By independence of (µ′, ν ′), the couple (x1, y2) is a blocking pair
which contradicts stability of π. We conclude that π has no mass outside of X ′ × Y ′

and X ′′ × Y ′′. Consequently, π = π′ + π′′, where π′ is the restriction of π to X ′ × Y ′

and π′′ is the restriction to X ′′×Y ′′. By the construction, π′ is a matching of (µ′, ν ′)
and π′′ is a matching of (µ′′, ν ′′), which are both stable by the stability of π.

We say that a matching π is Monge if π is supported on a graph of some function
f : R → R. The following lemma is the key step in the proof of Proposition 1.
Starting from disjoint (µ, ν) such that ρ = µ−ν changes signK ≥ 2 times, this lemma
allows us to reduce K sequentially until we reach an anti-diagonal market (K = 1).

Lemma 6. Let (µ, ν) be a disjoint market such that ρ changes sign K ≥ 2 times.
Then µ and ν can be represented as µ = µ′

1 + µ′
2 + µ′′ and ν = ν ′

1 + ν ′
2 + µ′′ so that

1. (µ′
1, ν

′
1) and (µ′

2, ν
′
2) are independent anti-diagonal submarkets of (µ, ν);

2. a matching π is a stable matching of (µ, ν) if and only if π = π′
1 + π′

2 + π′′,
where π′

i is the (unique) stable matching of (µ′
i, ν

′
i), i = 1, 2, and π′′ is a stable

matching of (µ′′, ν ′′)

3. such a stable matching π is Monge if and only if π′′ is Monge;

4. the residual submarket (µ′′, ν ′′) is a disjoint market with ρ′ = µ′ − ν ′ changing
sign at most K − 1 times.

5. if µ and ν have piecewise constant density with m intervals of constancy,
then (µ′

1, ν
′
1) and (µ′

2, ν
′
2) can be constructed in time of the order of m.

Proof. Since (µ, ν) is a non-atomic disjoint market withK ≥ 2, we can find points a0 <
a1 < a2 < . . . < aK−1 < aK+1 with a0 = −∞ and aK = +∞ such that either µ
is supported on intervals Ik = (ak, ak+1) with even k and ν is supported on Ik with
odd k, or the other way around. By the minimality of K, each interval Ik carries
strictly positive µ-mass or strictly positive ν-mass.

Consider ρ = µ − ν and let δ be a non-negative number. In each closed inter-
val Īk = [ak, ak+1] we aim to pick a pair of points a+k ≤ a−k+1 so that the following
conditions are satisfied:
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1. equal-weight condition: ρ([a−k , a
+
k ]) = 0 for k = 1, . . . , K;

2. equal-distance condition: |a+k − a−k | = δ for k = 1, . . . , K.

The conditions on the collection of points a±k and δ are closed. Consider the maxi-
mal δ ≥ 0 such that points satisfying the conditions exist and let a±k be the corre-
sponding collection of points.

As δ cannot be increased further, there is an interval Ik∗ = (ak∗ , ak∗+1) with k∗ =
1, . . . , K − 1 such that a+k∗ = a−k∗+1. In other words, the two points a+k∗ and a−k∗+1 hit
each other, which does not allow us to increase δ.

Consider the two submarkets (µ′
1, ν

′
1) and (µ′

2, ν
′
2) cut from (µ, ν) by the inter-

vals J∗
1 = [a−k∗ , a

+
k∗ ] and J∗

2 = [a−k∗+1, a
+
k∗+1], i.e.,

µ′
i(A) = µ(A ∩ J∗

i ), ν ′
i(A) = µ(A ∩ J∗

i ) i = 1, 2

for any measurable A ⊂ R. Denote by (µ′′, ν ′′) the residual submarket (µ′′, ν ′′) =
(µ− µ′

1 − µ′
2, ν − ν ′

1 − ν ′
2).

The submarket (µ′
1, ν

′
1) is an independent anti-diagonal submarket of (µ, ν). To

show this, assume without loss of generality that the interval Ik∗ carries a positive µ-
weight. Hence, µ′

1 is supported on [ak∗ , a
+
k∗ ] and ν ′

1 on [a−k∗ , ak∗ ]. By the equal-weight
condition, µ′(R) = ν ′(R) and so (µ′

1, ν
′
1) is an anti-diagonal submarket of (µ, ν). The

equal-distance condition implies that any x ∈ [ak∗ , a
+
k∗ ] and y ∈ [a−k∗ , ak∗ ] are within δ

from each other, while the distances between x and y′ ∈ supp(ν ′′) and between x′

and y ∈ supp(µ′′) are at least δ. Hence, (µ′
1, ν

′
1) is independent. Similarly, (µ′

2, ν
′
2) is

an independent anti-diagonal submarket of (µ, ν). We get assertion 1.
Applying Lemma 5, we conclude that π is a stable matching of (µ, ν) if and only

if π = π′
1+π′

2+π′′, where π′
i is the unique stable matching of (µ′

i, ν
′
i), i = 1, 2, and π′′

is a stable matching of (µ′′, ν ′′). We obtain assertion 2.
The stable matching for anti-diagonal markets is Monge (Lemma 3). Since µ′

1, µ
′
2,

and µ′′ are mutually singular (and similarly for ν), we conclude that a stable match-
ing π is Monge if and only if π′′ is Monge. Assertion 3 is proved.

The residual submarket (µ′′, ν ′′) is a disjoint market, and ρ′ = µ′ − ν ′ changes
sign at most K − 1 times. Indeed, the interval Ik∗ is removed from both µ and ν,
and so the number of imbalance regions is reduced by at least 1. Thus assertion 4
holds.

Finally, µ and ν having piecewise constant densities with at most m intervals of
constancy. Without loss of generality, these intervals are common and consecutive,
i.e., there is a collection of points b0 < b1 < . . . < bm such that the densities of µ
and ν on an interval Ji = (bi, bi+1) are constants fi and gi, respectively. We can also
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assume that (bi)i=0,...,m is a subsequence of the sequence (ak)k=0,...,k+1, which defines
intervals Ik.

To construct the submarket (µ′
1, ν

′
1) and (µ′

2, ν
′
2), we need to identify an inter-

val Ik∗ defined above. This can be done as follows. For each three consecutive inter-
vals Ik−1, Ik, Ik+1, we look for a triplet of points α−

k ∈ ¯Ik−1, αk ∈ Īk and α+
k ∈ ¯Ik+1

such that

ρ([α−
k , αk]) = ρ([αk, α

+
k ]) = 0 and |αk − α−

k | = |αk − α+
k |. (14)

If Ik−1, Ik, Ik+1 containmk intervals of constancy Ji, then finding a solution (α−
k , αk, α

+
k )

or checking that no such solution exists can be done in O(mk) operations. In-
deed, to solve the system (14), it is enough to test each of the subintervals of
constancy for whether it contains a solution. Indeed, the cumulative distribution
function Rk(x) = ρ([ak−1, x]) for x ∈ Ik−1∪Ik∪Ik+1 is piecewise linear with mk inter-
vals of linearity. Testing corresponds to solving a linear system with three unknowns.
We conclude that solving (14) boils down to solving of the order of mk linear systems
of given size and thus requires O(mk) operations. After finding a solution for each
triplet of consecutive intervals, we pick k = k∗ that minimizes δk = |αk − α−

k |. The
interval Ik∗ and points (a−k∗ , a

+
k∗ , a

−
k∗+1, a

+
k∗+1) = (α−

k∗ , αk∗ , αk∗ , α
+
k∗) determine (µ′

1, ν
′
1)

and (µ′
2, ν

′
2).

We need O(mk) operations per each interval Ik, and thus, the total number of
operations is of the order

∑
k mk, i.e., of the order of the number of intervals of

constancy m. Assertion 5 is proved.

We are now ready to prove Proposition 1.

Proof of Proposition 1. Consider (µ, ν) and assume that ρ = µ − ν changes
sign K times. By Lemma 4, any stable matching π = πdiag + π1, where πdiag is a
unique stable matching of a diagonal market (µ − ρ+, ν − ρ−) and π1 is a stable
matching of the residual submarket (µ1, ν1) with µ1 = ρ+ and ν1 = ρ−.

The residual submarket (µ1, ν1) is disjoint and ρ1 = µ1 − ν1 changes sign K
times since ρ1 = ρ. We construct a sequences of submarkets (µk, νk) inductively
starting from (µ1, ν1). Suppose (µk, νk) is already constructed and let (µ′

k, ν
′
k) to be

its independent submarket from Lemma 5. We then define (µk+1, νk+1) by

µk+1 = µk − µ′
k and νk+1 = νk − ν ′

k.

Let π′
k be a stable matching of (µ′

k, ν
′
k) which is unique since ρ′k = µ′

k − ν ′
k changes

sign at most two times. Thus any stable matching of (µν) can be represented as

π = πdiag + π′
1 + π′

2 + . . .+ π′
k−1 + πk,
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where πk is a stable matching of (µk, νk). By Lemma 5, ρk changes sign at most K−
k + 1 times, there is L ≤ K such that ρL changes sign at most one time. Abusing
the notation, denote the stable matching of (µL, νL) by π′

L is unique by Lemma 3.
We conclude that a stable matching π of (µ, ν) is unique and has the following

form
π = πdiag + π′

1 + π′
2 + . . . π′

L−1 + π′
L︸ ︷︷ ︸

L ≤ K terms

.

By Lemma 6, pi′1 + π′
2 + . . . π′

L−1 + π′
L is a Monge matching. Thus π is a convex

combination of a diagonal matching and a Monge matching. Consequently, for each
x there are at most two distinct y such that (x, y) is in the support of π. Moreover,
if there are two such y, one of them necessarily equals x.

We now consider the computational complexity of constructing π for µ and ν
having piecewise constant densities with at most m intervals of constancy. With-
out loss of generality, these intervals are common and consecutive, i.e., there is a
collection of points b0 < b1 < . . . < bm such that the densities of µ and ν on an
interval Ji = (bi, bi+1) are constants fi and gi, respectively. The collection of all
these numbers is the input of the algorithm.

Constructing the diagonal πdiag requires a linear number of operations in m.
Indeed, µ−ρ+ = ν−ρ− have density min{fi, gi} on Ji and πdiag has the corresponding
density on the diagonal of Ji × Ji.

The complexity bottleneck corresponds to finding independent submarkets from
Lemma 5. By Assertion 5, this requires of the order of m operations for each (µk, νk).
The number of steps k is bounded by the number of times ρ changes its sign, and this
number cannot exceed m− 1. We conclude that stable matching can be constructed
in O(m2) operations.

B Proofs for Section 3

We prove two more general results applicable to

c(x, y) = −h (u(x, y)) , (15)

and then deduce Theorem 1 as their corollary. The first result addresses the case of
positive α.

Theorem 5. For a market with aligned preferences, assume that the utility function u
takes values in an open interval I ⊂ R, possibly infinite. Let h : I → (0,+∞) be a
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differentiable function and assume that there exists α > 0 such that

h′(t)

h(t)
≥ α for any t ∈ I. (16)

Then any solution to the transportation problem with cost (15) is ε-stable with

ε =
ln 2

α
.

An example of h satisfying the requirements of the theorem is h(t) = exp(α · t).
We will need the following result by Beiglböck, Goldstern, Maresch, and Schacher-

mayer (2009). Consider an optimal transportation problem

min
π

∫
X×Y

c(x, y) dπ(x, y).

with Polish spaces X and Y , measurable cost c. Assume that the value of this
transportation problem is finite and is attained at some π∗. Beiglböck, Goldstern,
Maresch, and Schachermayer (2009) establish the existence of a c-cyclic monotone Γ
such that π∗(Γ) = 1, i.e., the optimal transportation plan is supported on a cyclically-
monotone set. Recall that c-cyclic monotonicity of Γ means that

n∑
i=1

c(xi, yi) ≤
n∑

i=1

c(xi, yi+1)

for all n ≥ 2 and pairs of points (x1, y1), . . . , (xn, yn) ∈ Γ with the convention yn+1 =
y1.

Proof of Theorem 5. Consider now the optimal transportation problem (3) with c
from (15) let π∗ be its solution. By the result of Beiglböck, Goldstern, Maresch, and
Schachermayer (2009), π∗ is supported on some c-monotone set Γ. The requirement
of cyclic monotonicity with n = 2 implies that for any (x1, y1), (x2, y2) ∈ Γ

h
(
u(x1, y2)

)
+ h

(
u(x2, y1)

)
≤ h

(
u(x1, y1)

)
+ h

(
u(x2, y2)

)
.

Dropping the second term on the left-hand side and replacing both terms on the
right-hand side with their maximum, we obtain

h
(
u(x1, y2)

)
≤ 2 · h

(
max{u(x1, y1), u(x2, y2)}

)
. (17)
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Consider a pair of points t, t′ from I. Integrating the bound on the derivative (6)
from t to t′, we get

ln

(
h(t′)

h(t)

)
≥ α · (t′ − t) for t ≤ t′. (18)

Pick t = max{u(x1, y1), u(x2, y2)} and t′ = u(x1, y2). Consider two cases depend-
ing on whether t ≤ t′ or t > t′. If t ≤ t′, plugging t and t′ into into (18) and taking
into account the bound (17), we obtain

ln 2 ≥ α · (u(x1, y2)−max{u(x1, y1), u(x2, y2)}) .

If t > t′, this inequality holds trivially as the right-hand side is negative. We conclude
that

u(x1, y2) ≤ max{u(x1, y1), u(x2, y2)}+
ln 2

α

for a set of (x1, y1) and (x2, y2) of full π
∗-measure. Thus π∗ is ε-stable with ε = ln 2

α
.

The following theorem deals with negative α.

Theorem 6. For a market with aligned preferences, assume that the utility function u
takes values in an open interval I ⊂ R, possibly infinite. Let h : I → (−∞, 0) be a
differentiable increasing function and assume that there exists α < 0 such that

h′(t)

h(t)
≥ α for any t ∈ I.

Then any solution to the transportation problem with cost (15) is ε-egalitarian with

ε =
max{1, ln |α|}

|α|
.

For example, a function h(t) = − exp(−|α| · t) satisfies the requirements of
Theorem 6.

Proof. Without loss of generality, we assume that the populations µ and ν are given
by probability measures. Recall that Umin(π) is the essential infimum of u(x, y) with
respect to measure π, i.e.,

Umin(π) = inf
{
λ ∈ R : π({u(x, y) < λ}) > 0

}
.
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The egalitarian lower bound is given by

U∗
min(µ, ν) = sup

π∈Π(µ,ν)

Umin(π). (19)

Consider the set C of all hypothetical couples whose utility is below the egalitarian
lower bound by more than ε

C = {(x, y) ∈ X × Y : u(x, y) < U∗
min(µ, ν)− ε} .

Let π∗ be a solution to an optimal transportation problem with cost (15). Our goal
is to show that π∗(C) cannot be too big. Fix small δ > 0 and find a matching π′ ∈
Π(µ, ν) such that

Umin(π
′) ≥ U∗

min(µ, ν)− δ.

Note that we may not be able to find such a matching for δ = 0 since the supremum
in (19) may not be attained. We get∫

X×Y

h(u(x, u)) dπ′(x, y) ≤
∫
X×Y

h(u(x, u)) dπ∗(x, y)

since π∗ is the optimal matching for the transportation problem with cost−h(u(x, y)).
Since h is increasing, h(u(x, y)) ≥ h(U∗

min(µ, ν) − δ) for π′-almost all pairs (x, y).
Thus, the left-hand side admits the following bound

h(U∗
min(µ, ν)− δ) ≤

∫
X×Y

h(u(x, u)) dπ′(x, y)

and thus

h(U∗
min(µ, ν)− δ) ≤

∫
X×Y

h(u(x, u)) dπ∗(x, y).

Since h and u are continuous and δ > 0 was arbitrary, we get

h(U∗
min(µ, ν)) ≤

∫
X×Y

h(u(x, u)) dπ∗(x, y). (20)

Using monotonicity and negativity of h and the definition of C, we obtain∫
X×Y

h(u(x, u)) dπ∗(x, y) =

∫
C

−h(u(x, u)) dπ∗(x, y) +

∫
X×Y \C

h(u(x, u)) dπ∗(x, y)

≤
∫
C

h(u(x, u)) dπ∗(x, y)

≤ h(U∗
min(µ, ν)− ε) · π∗(C).
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Combining this bound with (20) gives

h(U∗
min(µ, ν)) ≤ h(U∗

min(µ, ν)− ε) · π∗(C)

and thus

π∗(C) ≤ h(U∗
min(µ, ν))

h(U∗
min(µ, ν)− ε)

.

Note that the inequality changes the direction because of the negativity of h. Simi-
larly to (18), integrating the bound on the logarithmic derivative of h, we obtain

ln

(
|h(t′)|
|h(t)|

)
≤ |α| · (t′ − t) for t ≤ t′

and conclude that
π∗(C) ≤ exp(−|α| · ε).

Plugging in ε = max{1, ln |α|}
|α| , we get

π∗(C) ≤ min

{
exp(−1),

1

|α|

}
and thus

π∗(C) ≤ ε.

We conclude that π∗ is ε-egalitarian with ε = max{1, ln |α|}
|α| .

Proof of Theorem 1. Theorem 1 immediately follows from Theorems 5 and 6.
Consider h(t) = exp(α · t). For α > 0, Theorem 5 implies that the solution to
the optimal transportation problem with the cost c(x, y) = −h

(
u(x, y)

)
is ε-stable

with ε = ln 2
α
. For α < 0, Theorem 5 gives ε-egalitarianism with ε = max{1, ln |α|}

|α| .
Multiplying a cost function by a positive factor and adding a constant does not
affect the optimum. Thus a solution to the transportation problem with cost

cα(x, y) =
1− exp(α · u(x, y))

α

has the same properties.
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Proof of Corollary 1. Recall the setting: utility u is continuous and bounded,
but the spaces X and Y are not assumed to be compact.

We first show that the sets Πu
+∞(µ, ν) and Πu

−∞(µ, ν), corresponding to α →
±∞, are non-empty. The argument for the two cases is identical, and so we focus
on Πu

+∞(µ, ν). Consider a sequence αn → +∞ and let πn be a solution to the
optimal transportation problem from Theorem 1 with α = αn. Such a solution is
guaranteed to exist under our assumptions on u; see Remark 3.1. The set of all
transportation plans Π(µ, ν) for µ ∈ M+(X) and ν ∈ M+(Y ) with Polish X and Y
is sequentially compact in the topology of weak convergence; this is a corollary of
Prokhorov’s theorem, see Lemma 4.4 in Villani (2009). Thus, possibly passing to
a subsequence, we conclude that the sequence πn converges weakly to some π+∞ ∈
Π(µ, ν). Thus Πu

+∞(µ, ν) and Πu
−∞(µ, ν) are non-empty.

We now show that Πu
+∞(µ, ν) consists of stable matchings. In other words, we

demonstrate that π+∞ is stable. Consider a continuous function f : (X × Y )2 → R
given by

f(x1, y1, x2, y2) = max
{
0, u(x1, y2)−max {u(x1, y1), u(x2, y2)}

}
.

A matching π is stable if and only if
∫
f dπ × dπ = 0. Note that for an ε-stable

matching, this integral does not exceed ε · µ(X) · ν(Y ). We obtain∫
f dπ+∞ × dπ+∞ = lim

n→∞

∫
f dπn × dπn ≤ lim

n→∞

ln 2

αn

· µ(X) · ν(Y ) = 0.

Since the left-hand side is non-negative, we get that it equals zero. Thus π+∞ is
stable. We conclude that Πu

+∞(µ, ν) consists of stable matchings, and so a stable
matching exists.

To show that Πu
−∞(µ, ν) consists of egalitarian matchings, consider a weak limit π−∞

of a sequence of matchings παn , where αn → −∞. Fix ε > 0 and let C be the set
of hypothetical couples whose utility is below the egalitarian lower bound by more
than ε

Cε = {(x, y) ∈ X × Y : u(x, y) < U∗
min(µ, ν)− ε} .

By the continuity of u, the set C is open and thus

π−∞(Cε) ≤ lim inf
n→∞

παn(Cε)

By Theorem 1, the right-hand side goes to zero, and thus π−∞(Cε) = 0 for any ε > 0.
Sets Cε are decreasing in ε. Hence,

π−∞(C0) = π−∞ (∪ε>0Cε) = lim
ε→0

π−∞(Cε) = 0.
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Since π−∞(C0) = 0, for π−∞-almost all couples (x, y) the utility u(x, y) is at least U∗
min(µ, ν),

i.e., π−∞ is an egalitarian matching. Therefore, all elements of Πu
−∞(µ, ν) are egali-

tarian matchings.
Finally, the convexity of Πu

+∞(µ, ν) and Πu
−∞(µ, ν) follows from the convexity

of the set of solutions to the optimal transport problem. The weak closedness
of Πu

+∞(µ, ν) and Πu
−∞(µ, ν) follows from the weak closeness of the set of solutions

via the standard diagonal procedure.

Proof of Theorem 2. Let π be an ε-stable matching with marginals µ and ν.
Since u is continuous, Lemma 2 and formula (9) imply that, for any (x1, y1), (x2, y2) ∈
supp(π),

u(x1, y2) ≤ max {u(x1, y1), u(x2, y2)}+ ε.

By non-negativity of u, we get

u(x1, y2) ≤ u(x1, y1) + u(x2, y2) + ε.

Let π′ be any other matching with marginals µ and ν. Consider a distribution λ ∈
M+

(
(X × Y ) × (X × Y )

)
such that the marginals of λ on (x1, y1) and on (x2, y2)

are equal to π and the marginal on (x1, y2) is π
′. We get

W (π′) =

∫
X×Y

u(x1, y2) dπ
′(x1, y2) =

∫
(X×Y )×(X×Y )

u(x1, y2) dλ(x1, y1, x2, y2)

≤
∫
(X×Y )×(X×Y )

(u(x1, y1) + u(x2, y2) + ε) dλ(x1, y1, x2, y2) =

=

∫
X×Y

u(x1, y1) dπ(x1, y1) +

∫
X×Y

u(x2, y2) dπ(x2, y2) + ε =

= 2W (π) + ε.

We thus obtain

W (π) ≥ 1

2
(W (π′)− ε)

for any matching π′. In particular, this inequality holds for π′ maximizing welfare.
Thus W (π) ≥ 1

2
(W ∗(µ, ν)− ε).

Now we show that a substantial fraction of agents in an ε-stable matching π have
utilities above the egalitarian lower bound U∗

min(µ, ν). Consider the set of hypothet-
ical couples whose utility is more than ε below U∗

min(µ, ν)

C = {(x, y) ∈ X × Y : u(x, y) < U∗
min(µ, ν)− ε} .
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Our goal is to show that π(C) cannot be too big. Let π′ be the egalitarian matching,
which exists by Corollary 1. Take λ as in the construction above for the pair π
and π′. In other words, λ is a distribution on (X × Y )× (X × Y ) with marginals π
on (x1, y1) and (x2, y2) and π′ on (x1, y2). Thus u(x1, y2) ≥ U∗

min(µ, ν) on a set of
full λ-measure. By ε-stability, u(x1, y2) ≤ max {u(x1, y1), u(x2, y2)}+ ε and thus

max{u(x1, y1), u(x2, y2)}+ ε ≥ U∗
min(µ, ν).

Towards a contradiction, assume that π(C) > 1
2
π(X × Y ). Then λ(C × C) > 0 by

Dirichlet’s pigeonhole principle. On the other hand,

max{u(x1, y1), u(x2, y2)}+ ε < U∗
min(µ, ν)

on C×C. This contradiction implies that π(C) ≤ π(X×Y )/2 and thus any ε-stable
matching π is ε′-egalitarian with ε′ = max{1/2, ε}.

C Proof of Theorem 3

We extend the proof techniques used in the two-sided case.

Proof of Assertion 1. Kim and Pass (2014) generalize two-marginal c-cyclic
monotonicity condition that we used in the proof of Theorem 1. They consider a k-
marginal optimal transportation problem with a bounded continuous cost c : X1 ×
. . .×Xk → R and show that π is optimal if and only if supp(π) is c-cyclically mono-
tone. Here, a set T ⊂ X1× . . .×Xk is c-cyclically monotone if for any collection of k-
tuples (xi

1, . . . , x
i
k) ∈ T , i = 1, . . . , n, and a collection of k permutations σ1, . . . , σk

of the set {1, . . . , n}, the following inequality holds:

n∑
i=1

c(xi
1, . . . , x

i
k) ≤

n∑
i=1

c(x
σ1(i)
1 , . . . , x

σk(i)
k ).

We now apply this result to c = cα with

cα(x) =
1− exp(α · u(x))

α
.

Let π∗ be a solution to the optimal transportation problem with this cost. Take the
number of points n equal to the number of marginals k and put σi(1) = i. We obtain
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that for any any collection xi = (xi
1, . . . , x

i
k) ∈ supp(π∗), i = 1, . . . , k

k∑
i=1

exp
(
α · u(xi)

)
≥

k∑
i=1

exp
(
α · u(xσ1(i)

1 , . . . , x
σk(i)
k )

)
= exp

(
α · u(x1

1, . . . , x
k
k)
)
+

k∑
i=2

exp
(
α · u(xσ1(i)

1 , . . . , x
σk(i)
k )

)
.

Thus
k ·max

i
exp

(
α · u(xi)

)
≥ exp

(
α · u(x1

1, . . . , x
k
k)
)
.

Taking logarithm, we get

max
i

u(xi) ≥ u(x1
1, . . . , x

k
k) +

ln k

α

and conclude that π∗ is ε-stable with ε = ln k
α
.

Proof of Assertion 2. Without loss of generality, we assume that there is a unit
amount of agents on each side of the market, i.e., µi ∈ ∆(Xi) for all i = 1, . . . , k.

Let U∗
min(µ1, . . . , µk) be the egalitarian lower bound and π′ be a matching such

that u(x) ≥ U∗
min − δ where δ > 0 is small. Consider a set

C = {x ∈ X : u(x) < U∗
min − ε} .

A solution π∗ to the optimal transportation problem with cost cα maximizes
∫
− exp(α · u(x)) dπ

over all matchings and thus∫
− exp(α · u(x)) dπ(x) ≥

∫
− exp(α · u(x)) dπ′(x) ≥ − exp

(
α · (U∗

min − δ)
)
.

Since δ is arbitrary, we obtain

− exp
(
α · U∗

min

)
≤

∫
− exp(α · u(x)) dπ(x)

=

∫
C

− exp(α · u(x)) dπ(x) +
∫
X\C

− exp(α · u(x)) dπ(x)

≤
∫
C

− exp(α · u(x)) dπ(x)

≤ − exp
(
α · (U∗

min − ε)
)
· π(C).
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Thus
α · U∗

min ≥ α · (U∗
min − ε) + ln(π(C)),

and so α · ε ≥ ln(π(C)). Plugging in ε = max{1, ln |α|}
|α| , we get

π(C) ≤ min

{
exp(−1),

1

|α|

}
and thus π(C) ≤ ε. We conclude that π is ε-egalitarian with ε = max{1, ln |α|}

|α| .

Proof of Assertion 3. Let π be an ε-stable matching. Since u is continuous, ε-
stability implies that, for all collections of points xi = (xi

1, . . . , x
i
k) ∈ supp(π), i =

1, . . . , k,
u(x1

1, . . . , x
k
k) ≤ max

i=1,...,k
u(xi) + ε ≤ u(x1) + . . .+ u(xk) + ε.

Let π′ be any other matching. Denote X = X1× . . .×Xk and consider a distribution

λ ∈ M+

(
X × . . .×X︸ ︷︷ ︸

k times

)
such that the marginals of λ on each X are equal to π, and the marginal on the
set {(x1

1, . . . , x
k
k) : (x

1, . . . , xk) ∈ X × . . .×X} coincides with π′. We get

W (π′) =

∫
X

u(x1
1, . . . , x

k
k) dπ

′(x1
1, . . . , x

k
k) =

∫
X×...×X

u(x1
1, . . . , x

k
k) dλ(x

1, . . . , xk)

≤
∫
X×...×X

(
u(x1) + . . .+ u(xk) + ε

)
dλ(x1, . . . , xk) =

= k ·W (π) + ε.

We thus obtain W (π) ≥ 1
k
(W (π′)− ε) for any matching π′. In particular, this

inequality holds for π′ maximizing welfare. Thus W (π) ≥ 1
k
(W ∗ − ε).

We now show that a substantial fraction of agents in an ε-stable matching π have
utilities above the egalitarian utility level U∗

min. Consider

Cδ = {x ∈ X : u(x) < U∗
min − ε− δ} ,

where δ is a small positive number. Our goal is to bound π(C0), but we will bound
π(Cδ) with δ > 0 first. Fix δ > 0. As above, let λ be a distribution onX×. . .×X with
marginals π on each copy of X and π′ on (x1

1, . . . , x
k
k). Let π

′ in this construction be a
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matching such that u(x) ≥ U∗
min−δ for π′-almost all x. Thus u(x1

1, . . . , x
k
k) ≥ U∗

min−δ
on a set of full λ-measure. By ε-stability, u(x1

1, . . . , x
k
k) ≤ maxi u(x

i) + ε and thus

max
i

u(xi) + ε ≥ U∗
min − δ.

Towards a contradiction, assume that π(Cδ) >
1
k
π(X). Then

λ(Cδ × . . .× Cδ) ≥ λ(X × . . .×X)−
∑
i

λ({(x1, . . . , xi) : xi ̸∈ Cδ})

= π(X)k−1 (π(X)− k · π(Cδ)) > 0.

On the other hand,
max

i
u(xi) + ε < U∗

min − δ

on Cδ × . . .× Cδ. This contradiction implies that π(Cδ) ≤ 1
k
π(X). The sequence of

sets Cδ is decreasing in δ and C0 = ∪δ>0Cδ. Hence,

π(C0) = lim
δ→0

π(Cδ) ≤
1

k
π(X)

and thusany ε-stable matching π is ε′-egalitarian with ε′ = max{ 1
k
, ε}.

D Proof of Theorem 4

The existence of a potential without continuity guarantees. Let ≥ be the
binary relation on Z = X × Y defined by (x, y) ≥ (x′, y′) if and only if x = x′

and y ⪰x y′, or y = y′ and x ⪰y x
′. Our goal is to show the existence of a potential,

i.e., a function u : X × Y → R such that for any (x, y), (x′, y′) with x = x′ or y = y′,

u(x, y) ≥ u(x′, y′) ⇐⇒ (x, y) ≥ (x′, y′).

We write > for the strict part of ≥.
Define the binary relation ≥∗ as the transitive closure of ≥, which is constructed

as follows. Say that z ≥∗ z′ if there exists a sequence z1, . . . , zk in Z with

z = z1 ≥ z2 ≥ . . . ≥ zk−1 ≥ zk = z′.

The binary relation ≥∗ is a preorder, i.e., it is transitive and reflexive but may not
be complete. We also define >∗ by z >∗ z′ if z ≥∗ z′ and at least one of the ≥
comparisons in the above sequence is >.
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A function u represents ≥∗ if

u(x, y) ≥ u(x′, y′) ⇐⇒ (x, y) ≥∗ (x′, y′)

for any (x, y) and (x′, y′). It is easy to see that any such function is a potential, and
thus, it is enough to establish a representation of ≥∗.

We construct the representation of ≥∗ as follows. Fix two countable dense sub-
sets X̄ of X and Ȳ of Y and denote X̄ × Ȳ by Z̄. Consider

L≥∗(z) = {z′ ∈ Z̄ : z ≥∗ z′}

and let r : Z̄ → N be an enumeration of Z̄. Define a function u : X × Y → R by

u(z) =
∑

z′∈L≥∗ (z)

(
1

2

)r(z′)

. (21)

To show that u represents ≥∗, we need the following technical lemma, which is the
key step in the proof.

Lemma 7. If (x, y) >∗ (x′, y′) then there exists (x̄, ȳ) ∈ Z̄ with

(x, y) >∗ (x̄, ȳ) >∗ (x′, y′).

Proof. By definition of >∗, if (x, y) >∗ (x′, y′) then there exists (x̂, ŷ) and (x̂′, ŷ′)
with (x, y) ≥∗ (x̂, ŷ) > (x̂′, ŷ′) ≥∗ (x′, y′). We may without loss assume that x̂ = x̂′

and that ŷ ≻x̂ ŷ′.
In fact, by transitivity of the agents’ preferences, we may assume that no con-

secutive terms in a sequence that defines the transitive closure correspond to the
same agents’ preference. Indeed, if zk−1 ≥ zk ≥ zk+1 and x is the common agent to
all three couples, then we would also have zk−1 ≥ zk+1 and so the sequence can be
shortened by dropping zk. Thus the comparisons in the sequence must then alternate
between the common agent being from X and from Y .

So there exists x1 and x2 with

x1 ⪰ŷ x̂, ŷ ≻x̂ ŷ′, x̂ ⪰ŷ′ x
2.

By the continuity of agent’s preferences with respect to the agent (Property 1),
there exists a neighborhood N of x̂, so that ŷ ≻w ŷ′ for all w ∈ N .

Now, by Property 3, x1 ⪰ŷ x̂ ⪰ŷ′ x
2 means that there is x̄ ∈ N with x1 ≻ŷ x̄ ≻ŷ′

x2. The condition ŷ ̸= ŷ′ needed to apply Property 3 follows from ŷ ≻x̂ ŷ′.
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The continuity of preferences then implies that there is a neighborhood of x̄ which
consists of alternatives that are strictly worse for ŷ than x1, and one neighborhood
with alternatives that are strictly better for ŷ′ than x2. Thus there is a neighbor-
hood N ′ of x̄ with x1 ≻ŷ w ≻ŷ′ x

2 for all w ∈ N ′.
Since X̄ is dense and N ′ ∩ N is open and non-empty (as it contains x̄), there

exists x∗ ∈ X̄ ∩N ′ ∩N . Thus,

x1 ≻ŷ x
∗, ŷ ≻x∗ ŷ′, x∗ ≻ŷ′ x

2.

Denote by L⪰x∗ (ŷ) = {ỹ ∈ Y : ŷ ≻x∗ ỹ} the set of agents in Y that are strictly
worse than ŷ for x∗, and by U⪰x∗ (ŷ

′) = {ỹ ∈ Y : ỹ ≻x̂ ŷ′} the set of agents that
are strictly better than ŷ′. These sets are open sets by the continuity of ⪰x∗ and
non-empty as they contain, respectively, ŷ′ and ŷ.

For any y ∈ Y , by completeness of ⪰x∗ , either y ⪰x∗ ŷ ≻x∗ ŷ′ and thus y ∈
U⪰x∗ (ŷ

′), or ŷ ≻x∗ y and thus y ∈ L⪰x∗ (ŷ). Therefore, Y = U⪰x∗ (ŷ
′) ∪ L⪰x∗ (ŷ).

Then U⪰x∗ (ŷ
′) ∩ L⪰x∗ (ŷ) ̸= ∅, as Y is connected and therefore cannot be the union

of disjoint, non-empty, open sets.
Since Ȳ is dense in Y , and U⪰x∗ (ŷ

′) ∩ L⪰x∗ (ŷ) is open, there exists y∗ ∈ Ȳ ∩
U⪰x∗ (ŷ

′) ∩ L⪰x∗ (ŷ). So we obtain (x∗, y∗) ∈ X̄ × Ȳ for which

(x, y) ≥∗ (x1, ŷ) ≥ (x∗, ŷ) > (x∗, y∗) > (x∗, ŷ′) ≥ (x2, ŷ′) ≥∗ (x′, y′),

completing the proof of the lemma.

Lemma 7 shows that ≥∗ admits an order-dense countable subset Z̄ in the ter-
minology of Voorneveld and Norde (1997). Once this property is established, one
can use Theorem 3.1 and Lemma 2.3 from their paper to deduce the existence of a
potential u (without continuity guarantees). We include a short proof not relying on
the results by Voorneveld and Norde (1997) for the reader’s convenience.

Lemma 8. Function u given by (21) represents ≥∗.

Proof. If z ≥∗ z′ then L≥∗(z′) ⊆ L≥∗(z), and so u(z) ≥ u(z′). And if z >∗ z′ then,
by Lemma 7, there exists z̄ ∈ Z̄ with z >∗ z̄ >∗ z′. This means that z̄ ∈ L≥∗(z)
while z̄ /∈ L≥∗(z) because, by acyclicity, z̄ >∗ z′ implies that z′ ≥∗ z̄ cannot hold.
Thus L≥∗(z′) ⊊ L≥∗(z), and so u(z) > u(z′).

Finally, by definition of ≥∗, if y ⪰x y′ then (x, y) ≥∗ (x, y′) and thus u(x, y) ≥
u(x, y′). Similarly, if y ≻x y′ then (x, y) >∗ (x, y′) and thus u(x, y) > u(x, y′). For ⪰y,
the argument is analogous and thus omitted.
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The existence of an upper semicontinuous potential. Here, we prove the
second statement of Theorem 4 establishing the existence of an upper semicontinuous
potential.

As before, we consider a countable dense set Z̄ ⊆ X × Y and its enumera-
tion r : Z̄ → N. We define u by

u(z) = (−1) ·
∑

z′∈Z̄ : z′>z

(
1

2

)r(z′)

, (22)

and u(z) = 0 if there is no z′ > z. Note that, in contrast to (21), this formula
uses on > but not >∗. We will need several technical lemmas to demonstrate that u
represents ≥∗ and is upper semicontinuous.

Lemma 9. If (x1, y) ≥ (x, y) > (x, y′) ≥ (x2, y
′), then there exists z ∈ X such that

(x1, y) > (z, y) > (z, y′) > (x2, y
′).

Proof. First, (x, y) > (x, y′) and, hence, Property 1 implies that there is a neighbor-
hood Nx of x in X such that (z, y) > (z, y′) for all z ∈ Nx. Second, (x1, y) ≥ (x, y)
and (x, y′) ≥ (x2, y

′) combined with Property 3 imply that there exists z ∈ Nx

with (x1, y) > (z, y) and (z, y′) > (x2, y
′). Note that y ̸= y′ follows from (x, y) >

(x, y′), and so Property 3 applies.

Lemma 10. If (x, y) >∗ (x′, y′) then there are neighborhoods Nx, Nx′, Ny and Ny′

of, respectively, x in X, x′ in X, y in Y , and y′ in Y such that (x̃, ỹ) > (x̃′, ỹ′) for
all (x̃, x̃′, ỹ, ỹ′) ∈ Nx ×Nx′ ×Ny ×Ny′.

Proof. By definition of>∗, we may without loss assume that there is a sequence (xi, yi),
i = 1, . . . , k, with

(x, y) = (x1, y1) ≥ (x2, y1) ≥ . . .

. . . ≥ (xt−1, yt−1) ≥ (xt, yt−1) > (xt, yt) ≥ (xt+1, yt) ≥ . . .

. . . ≥ (xk−1, yk−1) ≥ (xk, yk) = (x′, y′).

(23)

By repeatedly applying Lemma 9, we may replace all ≥ in (23) with >. Then, for
each t, we have

(xt−1, yt−1) > (xt, yt−1) > (xt, yt) > (xt+1, yt).

By Property 2, there are neighborhoodsN1
z ,N

2
z , andN3

z of z ∈ {xt−1, xt, xt+1, yt−1, yt}
with the property that (x̃, ỹ) > (x̃′, ỹ) for all (x̃, x̃′, ỹ) ∈ N3

xt−1
× N1

xt
× N2

yt−1
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and all (x̃, x̃′, ỹ) ∈ N3
xt

× N1
xt+1

× N2
yt , while (x̃, ỹ) > (x̃, ỹ′) for all (x̃, ỹ, ỹ′) ∈

N2
xt
×N3

yt−1
×N1

yt .

Denote Nz = N1
z ∩ N2

z ∩ N3
y for each z ∈ ∪k

t=1{xt, yt}. Then (23) holds for any
selection of x̃t ∈ Nxt and ỹt ∈ Nyt , t = 1, . . . , k, completing the proof.

The second statement of Theorem 4 is the content of the following lemma.

Lemma 11. A function u given by (22) represents ≥∗ and is upper semicontinuous.

Proof. The argument that u represents ≥∗ repeats that in Lemma 8 and thus is
omitted. We prove that u is upper semicontinuous.

Consider a sequence zk = (xk, yk) converging to (x, y) = z. Let Vk = {z̃ ∈ X×Y :
z̃ > zk} and V = {z̃ ∈ X × Y : z̃ > z}. First note that V ⊆ ∪n ∩k≥n Vk. Indeed, by
Lemma 10, for z′ ∈ V , there is a neighborhood Nz of z for which z′ > z̃ for all z̃ ∈ Nz.
Hence, for k large enough, we have z′ > zk since zk → z. Thus z′ ∈ ∩k≥nVk for n
large enough. We obtain

u(z) = (−1) ·
∑

z∈Z̄∩V

(
1

2

)r(z)

≥ (−1) ·
∑

z∈Z̄∩(∪n∩k≥nVk)

(
1

2

)r(z)

.

On the other hand,

u(zn) = (−1) ·
∑

z∈Z̄∩Vn

(
1

2

)r(z)

≤ (−1) ·
∑

z∈Z̄∩(∩k≥nVk)

(
1

2

)r(z)

.

Observe that ∑
z∈Z̄∩(∪n∩k≥nVk)

(
1

2

)r(z)

−
∑

z∈Z̄∩(∩k≥nVk)

(
1

2

)r(z)

≤ 2 ·
(
1

2

)r∗n

,

where
r∗n = min

{
r(z) : z ∈ Z̄ ∩ (∪m ∩k≥m Vk) \ Z̄ ∩ (∩k≥nVk)

}
under the convention min ∅ = +∞. For any decreasing sequence of sets Cn ⊆
N such that ∩Cn = ∅, the minimum minCn converges to +∞ as n gets large.
Therefore, r∗n → +∞ as n → ∞ because r takes values in N and is injective. We
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obtain that

u(z) ≥
∑

z∈Z̄∩(∪n∩k≥nVk)

(−1)

(
1

2

)r(z)

= lim
n→∞

∑
z∈Z̄∩(∩k≥nVk)

(−1)

(
1

2

)r(z)

≥ lim sup
n→∞

u(zn),

and thus u is upper semicontinuous.
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